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Preface 

The piesent book is written for the M.A. / M.Sc. Course of Mathematics 
in Indian Universities. 

The book comprises ten chapters. The first chapter deals with, in short, 
the sets, set union and intersection, cartesian product of sets, mappings, 
countable sets, function on subsets of real line, covering by open intervals, 
Lindelof’s Theorem, Heine-Borel Theorem, directed sets and nets, Weierstrass’s 
approximation Theorem. 

Second chapter deals with set rings, a-rings and monotone classes. 

In the third Chapter measures and outer measures are introduced ; 
measurable sets and extension of measures are given. Lebesgue and Lebesgue- 
stieltjes measures on the real line are discussed. 

In Chapter four measurable furctions and their properties, convergence in 
measure have been discussed. 

In Chapter five Lebesgue Integral of a bounded function on a measurable 
set with finite measure is introduced. Various properties of integrable functions 
have been discussed. 

Chapters six and seven deal with the extension of Lebesgue Integral first 
to non-negative functions and then to general functions. Various important 
results have been given. 

Chapter eight deals with functions of bounded variation and absolutely 
continuous functions and their differentiability. 

In Chapter nine Fourier series has been discussed using Lebesgue Integral. 
Convergence Tests and other important results including Riesz-Fischer 
Theorem, Fejer’s Theorem on (c-1) summability of Fourier series have been 
discussed using Lebesgue Integral. 

Last chapter deals with the density of sets, approximate continuity and 
differentiability. 

The present author is indebted to those authors whose books have been 
consulted in writing the present book. 


Author 
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CHAPTER—I 

SETS AND FUNCTIONS 


Set and union and intersection of sets. 

A set is a callection of obijects according to some rule ; objects are called 
elements. Sets are generally denoted by block capital letters A, B, C, ... and 
the elements by small letters a, b, c, ... with or without subscripts. If an 
element x belongs to set A we write x eA and if x does not belong to A we 
write x g A. It is convenient to have a set containing no element; we call 
this set the void set or empty set and denote it by (j). 

Two sets A and B are said to be equal if they consist of exactly same 
elements and we write A = B and its negation by A * B. We say that a set 
A is a subset of the set B or A is contained in the set B if each element of 
A is an element of B. and we write Ac 6. If A c B and A * B, then A is called 
a proper subset of B. It is obvious that 0 c A for every set A. 

Let us confine our consideration to the elements of a nonempty set X and 
call the set X as universal set. Let - {A a : a E A} be a class of subsets 
of X. We form a set S such that an element x E S if x E A a for some a in A 
and call S the union of the sets A a E tF and write 

S = u {A a : a e A} or S = u aeA A a or S = u a A a . 

Next, we form another set M such that an element x E M if jc E A r . for 
every a in A. We call M the intersection of the sets A a e ^and write 

M = n {A a : a E A} or M - n aeA A a . 

If A = {1, 2, 3, ..., n }, then the union and the intersection of the sets 
Aj, A 2 , ... , A n are written as 

s= u ,"i a, and M = n ^ A, 

If A n B = we say that the sets A and B are disjoint. 

Let A and B be two sets. The set of all elements of A which are not in 
B is denoted by A/B. The set X/A is called the complement of A (w,.r, to X) 
and is denoted by A'. 

Theorem 1.1. (D' Morgan’s Theorem). 

Let (A a : ae AJbea nonempty class of sets. Then 

(i) (U a A a ) = n a A a . (ii) = u ct ^ a 

Proof: We prove the relation (i). The proof of the other is analogous. 

Write A=(u (/ A a Y and B = n a A u . 

1 



2 


A COURSE OF LEBESGUE INTEGRATION 


Let x 6 A. Then x£u a A a which gives that x £ A a for any a and 
e A ' a for all a. This implies that x E n a A ' a = B. Thus So * 

A(zB - 

Next, let x E B. Then x e A ' a for all a which gives that x EA f 0r ^ 
a and so * <2 u Q A a . This implies that x 6 (u a AJ = A. So a ^ 3ny 

B c A. 

From (1) and (2) weget A = B. ® 

Cartesian product of sets. 

Let A and B be two nonempty sets. The set of all pairs (x, y) (x eA, y € 

B) is called the Cartesian product of the sets A and B and is denoted by AxB 
Thus 

AxB = {(x, y): x E A and y e Bj. 

If A = <J> or B = <j) we define AxB = <j). If we have n sets A { , A 2 a 
then the set of all n-tuples (x v x 2 , x„) with x . e A, is called the Cartesian 

product of the sets Aj, A 2 , A n and is denoted by 

n{A i : i = 1; 2, ..., /z) or A.. 

Mapping or function. 

Let A and B be two non-empty sets. A map/w/ig or function f from A to 
B is a rule which ass igns to each element jc of A a definite element y in B; 
y is called the image of x under the mapping / and is written as y =f(x). A 

is called the domain of/and B is called the co-domain of/and is expressed 
a s f: A —> B. 

Let E be a subset of A and F be a subset of B. We define 

/(E) = {y:y =f( x ) for some * 6 EJandf- 1 (F) = (x : xeA and f(x) e Fj. 

The set /(A) is called the range of / 

(I) A mapping /: A —> B is said to be injective or one-to-one if for x x 

in A and x { ± x 2 ,f(x { ) * f(x 2 ), 2 

(II) A mapping f: A -> B is said to be surjective or onto if f(A) = 

(III) A mapping /; A B is said to be bijective if it is both injective and 
surjective, that is, one—to—one and onto. 

(IV) Let/; A B and g : A —> B. lff(x) = g(x) for all x in A we say that 
/ is equal to g and write / = g. 

(V) A mapping / ; A —> A is said to be identity mapping on A if 

/f-v) - .r for all x in A; we write it as f = /, 

' M' 

Composite mapping. 

Let /. A —> B and g / C —> /; be two mappings such that f(A) C C. Let 
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jcG A Then fix) e fiA). Write y = fix). Then y E C and so g(y) E D. Let us 
define h : A —> D as follows : 
h(x) ~ g(fix)) for x e A. 

This mapping h is called the composite mapping of / and g (or product 
of / and g) and is denoted by gof or gf. Thus (gof) (x) = g(f(x)) or 

(g/) (*) = g(fix)) for x e A. 

Theorem 1.2. Let/: A -> B, g : B C and h : C -> D be three mappings. 
Then 

Mgf) = (hg)f 

Proof: Write p = h (gf) and q = (hg)f Take any x E A. Then y = fix) G 
5, z = g(y) g C and w = h(z) e D. We have 

PM = Wgf)] (x) = h((gf)(x)) = h (g(f(;c))) = h(g(y)) = h(z) = w. 
fix) = [(hg)f)(x) = (hg)(f(x)) = (hg)(y) = h(g(y)) = h(z) = w. 

Thus p(x) = q(x) for all x gA. 

So p = < 7 , that is, /*(&/) = (ft#)/ 

Theorem 1.3. Let the mappings / : A —» Z? and g: Z? —> C be both injective. 
Then the composite mapping gf is injective. 

Proof: Let x ^ xf) be any two points in A. Write j>| = fix^) and 

^2 ~f( x 2 )- Since/is injective, fix^) ^fixf), that is, y j ■£ y 2 . Again, g is injective 

and so g(y.) * g(y 9 ). We have 
* 

(g/) (Jfi) = g OT*!)) = g^) and ( gf) (x 2 ) = g(f(x 2 )) = g(y 2 ). 

Thus (gf) (x\) * (gf) (xf). So gf is injective. 

Theorem 1.4. Let f: A —> B and g : B —> C be two mappings such that 
the composite, mapping gf is injective. Then f is injective. 

Proof: Let x v x 2 (*, * x 2 ) be any two elments in A. Write y, =f(x,) and 
>2 = fix 2 ). We have 

(Sf) (*,) = g CffJC,)) = g(y t ) and (gf) (x 2 ) = g(f(x 2 )) = g(y 2 ). 

Since gf is injective and x t * x 2 , we get gfy,) * g(y 2 ) which implies that 
^1 ^ ^ 2 * /(a'j) ^ fixf). 

Hence/is injective. 


Inverse mapping. 

A mapping/: A -> B is said to be invertibe (or said to have an inversejif 
there is a mapping g: B~x A such that gof = l A . and fog = /„ Then g is called 
an inverse of / and we write g = /"*. 

Let g and /? be two inverses of the mapping f: A -> B. Then t»/ = / 
hf = l A and fg = fh = I f] . We have 1 A 

g = gl H = ,(»(//?) = (g/) /; = I A h = h. 
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Hence / has unique inverse when il has an inverse. 

Theorem 1.5. A mapping /: A —> B is invertible if and only if y is a 
bijection. 

Proof : Let /: A —> B be a bijection. Then / is one-to-one and onto. 

Let y eB. Then there is only one element x in A such that y =f(x). 

Define g : B —» A by g(y) = x. We have (fg) (y) = f(g(y)) - f(x) = y 

This gives that fg - 

Again let x eA and let y =f[x). Then y eB. By definition g(y) = x. We 
have (gf)(x) = g(f(x)) = g(y) = x. 

So gf = I A . Hence g is the inverse of f, that is, / is invertible. 

Next, let/: A —» B be invertible. Then there is a mapping g : B -> A such 
that gf=I A and fg = I R 

Let Xj and x 2 (Jtj * x 2 ) be any elements in A. We have 

*1 = I A ( X \) = (gf) (x { ) = g(f(x ,)). 

and x 2 = l A (x 2 ) = (gf)(x 2 ) = g(f(x 2 )). 

Since x 2 , g(f(xfj) * g(f(x 2 )). This implies that f(x { ) ± f(xf). Hence / 
is injective. 

Now let y eB, Then x = g(y) eA and y = I B (y) = (fg)(y) =f(g(y) =f(x). 
This gives that / is onto. Hence /is a bijection. 

Equinumerous sets. 

Two sets A and B are said to be equinumerous if there is a bijection / of 
A to B and we write A ~ B. Iff is a bifection of A to B, then / -1 is a bijection 
of B to A So B ~ A. 

Let A ~ B and B - C, Then there are bijections f: A —» B and g : B —> 

C. Clearly gf is a bijection of A to C. So A - C. Since l A is a bijection of A 
to A, A ~ A. 

A set A is said to be finite if A is equinumerous to the set E - {1,2,3,.., 
nj for some positive integer n. Void set <|) is considered as a finite set. 

A set E is said to be infinite if it is not finite. 

Countable sets. 

A set E is said to be countableif it is finite or equinvmerous to the set N 
of all natural numbers. 

Theorem 1.6. A nonempty set E is countable if and only if its elements 
can be taken as 

ci |, a 2 , o 3 . a n .where a i ± a- for / * j. 

Proof: First suppose that the set E is countable. If E is finite, then it i- s 
equinumerous to the set A = {1.2,3. n) for some positive integer n. Then 
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there is a bijection/of A to E. Clearly f(\), J{2), f(3), ... ,f(n) are elements of 
£ and E has no other element. 

Write a i = f(i) (i =1,2,3. n) 

Since jfj) ± f(i) for i * j we have a { * a } for i * j. Thus the elements of 
E are 

flp fl 2 ’ a 3 5 a n w here a t * a. for i * j. 

Next, suppose that the set E is infinite. Then E is equinumerous to the set N 
of all natural numbers. Then there is a bijection/of N to E. Clearly//) e£for all 
i 6 Nand E has no other element. Write a;=f(i) (i- 1,2,3,..., n,...) 

Since / is a bijection j\i) * f(j) for i * j, that is, a / * a- for i * j. 

Thus the elements of £ are a [t a 2 , a 3 ,. a n . 

where a, * a ; for i * j. 
l J 

Lastly, suppose that the elements of E can be taken as 

^[i a 2> a y dyf . 

where a- * a : for i * j. 

1 J J 

If E is finite, then clearly E is countable. Let E be infinite. Define 
f: E —>N as follows. 

/(</) = i d = 1,2,3 . ). 

Then clearly / is a bijection of E to N. So E is equinumerous to the set 
N and hence E is countable. 

Theorem 1. 7. If the set E is countable, then every subset of E is 
countable. 

Proof : Let A be a subset of E. If A is finite, then A is countable. Suppose 
that the set A is infinite. Then E is also infinite. Since E is countable the 
elements of E can be taken as 

ap a 2 , dy ..., a n .where a i ± aj for i * j. ( 1 ) 

If we proceed along the row ( 1 ) starting from a t we shall meet the elements 
of A time to time. Denote by b { the element of A which we meet first, by b 2 
the element of A which we meet second and so on. Thus the elements of A 
can be taken as 

b i* ^ 2 ’ ^3’ •— ’ . 

Clearly b t * bj for i * j. Hence the set A is countable. 

Theorem 1.8. The set N x N is countable, where N is the set of all positive 
integers. 

Proof : Let E = NxN. An element of E is an ordered pair (m,n\ where m 
and n are positive integers. We define the mapping /; E —> N as follows. 

f(m,n) = 2 m 3" for (in, n) e E. 

Let A = f(E). Then A is a subset of N and so A is countable. 

Let (m,n) and (j?,q) be two elements of E and let (m, n) * (/>, q). Then 
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clearly 2 m 3" * 2^3^ which gives that f(m,n) * jip,q) So the mapping / i s 

one-to-one. Therefore E is countable. 

Corollary 1.8.1. If the sets A and B are countable, then the set A x B is 

countable. 

Corollary 1.8.2. If the sets A,, A 2 , ..., A„ are countable then the set 
A l xA 2 xA 3 x A n is countable. 

Theorem 1.9. If {AJ is a sequence of countable sets, then the set 
A = U .”j A i is countable. 

Proof : (I) We first suppose that the sets Ay, A 2 , A 3 ,..., A n ,... are pairwise 
disjoint. Since the set A ; - countable its elements can be taken as 

Ai = [a n , a i2 , a j3 .} where ag * a ik for j ± k. 

Since the sets Aj, A 2 , A 3 .are pairwise disjoint, ag * a rs when (i,j) * 

(r,s ). We define the mapping f: A —» N x N as follows. 

f( a mn> = ( nt > n ) for a ,m G A 

Let B = j\A). Then B is a subset of /V x N. So B is countable. 

Let a mn and a rs be two elements of A and let a /m * a rs . Then clearly (m,n) 
± (r, s) and so f (a mn ) * f(a rs ). This gives that the mapping/is one-to-one. 
Hence the set A is countable. 

(II) Next, suppose that the sets A [y A 2 , A 3 , ... are not pairwise disjoint. 

We define the sets B { , B 2 , B 3 , .as follows. 

By = Ay, B 2 = A 2 / Ay, £3 = A 3 / (A j U A 

B 4 = A 4 / (A t u A 2 U A 3 ). 

Then the sets By, B 2 , B 3 , .are pairwise disjoint and A = (J °ly Bj. Since 

Bj c Aj, Bj is countable. Hence by case /, the set A is countable. 

Corollary 1.9.1. If the sets Ay, A 2 , ..., A n are countable, then the set A 
= Aj u A 2 u A 3 u ... u A /? is countable. 

Corollary 1.9.2. The set of all rational numbers is countable. 

Proof : For each positive integer /?., let 



1 2 3 


n n n 



Denote by Q + the set of all positive rational numbers, by Q_ the set of 
all negative rational numbers and by Q the set of all rational numbers. 


Then Q+ - (J ///=l A n and Q - Q + u Q_ u {o}. Since each A n is countable, 

Q + is countable. Also Q_ = {(-v); x e Q + } which gives that Q is countable. 
Hence Q is countable. 
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Nest of intervals. 

A sequence { 4 } of intervals is said to form a nest if the following 
conditions hold. 

(i) 4+1 c 4 (« = 2, 3, ....) 

(ii) |41 —> 0 as n —> oo, 

where |4| denotes the length of the interval 4 . 

Theorem 1.10. (Theorem on nested intervals). 

If the sequence { 4 } of closed intervals forms a nest, then there exists 
only one real number £ such that l for all n. 

Proof: Let .4 = (n = 1 , 2, 3,.). Since the sequence { 4 } forms 

a nest, we have 

[a„+P 4, + il c [a ;j , (/i = 1 , 2, 3, ...). This gives that 

a,< a 2 <a } < a n < b n < ... < b } < b 3 < b 2 < b v 

The sequence { a n } is increasing and the sequence {b n } is decreasing and 
each of them is bounded. So each of them is convergent. 

Let £ = lim a n and r) = lim b n . 

Clearly a n < 1 t,< b n and a n < r] < b n for all n. 

Since I 4 I = b n - a n —» 0 as n —» «> we have £, = r\. Then a n <t ) < b n for 
all n. 

Let be any real number such that e 4 f° r n ■ Then a n < < b n 

for all n. So l£'- < b n - a n for all n. This gives that 

Hence there is only one real number £ such that 4 £ 4 ^ or n - 

Theorem 1.11. Let A = {*: 0 < x < 1}. Then the set A is uncountable. 

Proof: Assume that the set A countable. Then its elements can be taken 
as 

( 1 ) a'j, x 2 .. x n , .where jc- * x i for i * j 

We divide the interval [0,1] into three closed intervals 

of equal length. Clearly the point does not 

belong to at least one of them. We denote such an interval by 4 . Next we 
divide the interval 1 { into three closed intervals I{, /]' 4 "'of equal length. We 
denote by / 2 one of these intervals which does not contain the point x 2 - 
Proceeding in this way we obtain a sequence { 4 } of closed intervals with 
the following properties. 

1 

0 /„ + i c/„ (ii) |/„| = J, 


°T 


i 1 

3' 3 


p 


and (iii) x n <Z 4 (/? = 1, 2, 3.). 
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From (i) and (ii) we see that the sequence {/„} forms a nest. So there is 

only one real number £ such that £ E I n for all n. Since J n c [0, 1], £ € [0,1]. 

So £= x n for some positive integer n because all the elements of [0,1] occur 

in the row (1). This contradicts (iii). Hence the set A is uncountable. 

Corollary 1.11.1. The set R of real numbers is uncountable. 

Corollary 1.11.2. Let a and be ( a < b) be any two real numbers, and let 

A = [x : a < x < b). Then A is uncountable. 

Let B = [0, 1]. Consider the mapping f: A —> B. defined by 

x-a 

f[x) = t -for x eA. 

b—a 

Then/is a bijection of A to B. Since B is uncountable, A is uncountable. 

Open and closed sets on the real line. 

We denote by R the set of all real numbers. Let E be a subset of R. A 
point x 0 in R is said to be an interior point of the set E if there a 8 > 0 such 
that ( x 0 -5 , x 0 + 5) c E. The set E is said to be open if every point of E is 
an interior point of E. 

Let x 0 eR. A subset U of R is said to be a neighbourhood (in short 
neighd) of the point x 0 if ( x 0 - 5, x Q + 8) c U for some 5 > 0, that is, x 0 is 
an interior point of x Q . Clearly for 8 > 0, ( x 0 S , jc 0 +5) is a neighd of the 
point x 0 . 

Let XqER and £ be a subset of £.The point x 0 is said to be a limit point 
of the set E if (E\{x 0 )) n U * <j> for every neighd U of x q. The set E is said 
to be closed if it contains all its limit points. 

From definition we see that the set <|) and the set R are open as well as 
closed. 

Theorem 1.12. A subset E of R is closed if and only if its complement E' 
is open. 

Proof: First suppose that the set E is closed. Then it contains all its limit 
points. Let x 0 be any point of E'. Then x 0 is not a limit point of the set E. 
So there is a neighd U of x 0 such that {E\[x 0 }) n U = <|). This gives that U 
c E'. So Xq is an interior point of E'. Since x Q is arbitrary, it follows that E' 
is open. 

Next, let E' be open. Take any point x 0 e E'. Then (x 0 -&, x 0 + 8 ) C E' 
for some 5 > 0 which gives that (x 0 - 8 , x 0 + 8 ) does not contain any point 
of E, So x 0 is not a limit point of E. 

Thus no point of E' is a limit point of E. This implies that E contains all 
its limit points. Hence the set E is closed. 
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Theorem 1.13. The intersection of finite number of open sets is open and 
the union of any non-empty family of open sets is open. 

Proof: Let G { , G 2 . G n be open sets and G = f| G i If G = $, then 

G is open. Suppose that G * <J>. Let x 0 eG. Then x 0 gG ; (i= 1, 2, ..., n). So 
there are positive numbers 8 p 8 2 , ..., 8 „ such that (x Q - 8 f , jcq- 8 ,) c G- 
Let 8 = min { 8 ^ 82 ,..., 8 ;J }. Then 8 > 0 and (x 0 - 8 , x 0 + 8 ) c (x 0 - 8 ,-, x 0 + 

8 ,-j c G, for i = 1,2So ( x 0 - 8 , x 0 + 8 ) c f) P. { G, = G. Thus is 

an interior point of G. Since x 0 is arbitrary, it follows that G is open. 

Next, let = {G a : cxgA} be a nonempty family of open sets and let 
G = u{G a : a eA}. Take any point x 0 gG. Then x 0 g G^ for some OqGA. 
Since G„ is open ( x Q - x 0 + 8 ) c G^ for some a 0 G A. Since G^ C G, 
we have - 8 , x 0 + 8 ) c G. So x 0 is an interior point of G. Since x 0 is 
abitrary, G is open. 

Theorem 1.14. The union of finite number of closed sets is closed and 
the intersection of any nonempty family, of closed sets is closed. 

Proof: Let F L , F 2 , ..., F ;J be closed sets and F = [j 1 F-. Let x 0 be a 

limit point of F Assume that x 0 £ F Then £ F^ (i = 1, 2,..., n). This implies 

that there are positive numbers 8 j, 8 2 ,., 8 ;I such that ( x 0 - 8 ? x 0 + 8 t ) n 

F. = <()(/'= 1, 2,..., n ). Let 8 = min {8j, 8 2 ,..., 8 n }. Then (x 0 - 8 , jc 0 + 8)n 
F- = (J> (/ = 1,2,..., n) and so (jc^ - 8 , x 0 + 8) n F = (J), This contradicts the 
fact that x 0 is a limit point of F So x Q G F and this gives that F is closed. 

Next, let T - [F a : a gA} be any nonempty family of closed sets and < 
let F = n [F a : a gA}. 

Let x 0 be any limit point of F Then ( x Q - 8 , x 0 + 8 ) n (F |U 0 )) ^ (j) for 
every 8 > 0. Since F c F a we have ( x 0 - 8 , x 0 + 8 ) n (Fj {^ 0 }) ^ 0 for every 
8 > 0. So .fy is a limit point of F a . Since F a is closed, ^ G F a . So 
en {F a : a G A}. Hence F is closed. 

Note 1.1. (1) The intersecton of infinite number of open sets may not be 
open. 

1 , i\ 

Let G„ = —.1+- (n= 1,2,3,...). 
n v n n J 

For each n, G n is open. We have f| ; “, G /( = [0, 1] which is closed. 
(2) The union of infinite number of closed sets may not be closed. 
Integration—2 
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Le‘ F n = 


1.1 

n 


(n — 1, 2, 3, ...) 


For each n. F„ is closed. We have U,“i F „ = U which is no1 closed. 

Theorem 1.15. Every nonempty bounded open set on the real line can be 
expressed as the union of« countable family of pairwise disjoint open inter- 

vals. 

Proof : Let G be a nonempty bounded open set on the real line. Take any 
point x in G. Then x is an interior point of G. So (x-8, x + 5) c G for some 

5 > 0. 

Let A x = {y: (y, x) c G) and B x = [z : (x, z) c G}. 

Then A x and B x are non empty bounded sets of real numbers. Denote by 
a x the gib*of A x and by b x the lub of B x . Let l x = (a x b x ). Then I x is an 
open interval containing the point x. Take any u€l x Then a x < u< b r Let 
x < u < b . Then there is point z in B x such that u < z. Then (x, z) c G which 
gives that'ir eG. Ua < u < x we can show that ueG. Thus l x c G. We now 
show that none of a, and b x belongs to G. If possible, let b x e G. Then there 
is m « > 0 such that (b x , b x + » 1 ) c G which gives that b x + ri eB x , This 
contradicts the fact that b x is lub of B, Hence b x t G, Similarly we can show 
that a tG. Thus to each x in G we get an open interval I x - (a x , bj 
containing the point x such that l x c G but none of a x and b x belongs to 
G Such an interval / is called a component interval of G. 

Ld r={I : xeG). Then clearly G = u{/,: l x 6 Now we show that 
the family ^ 'is countable and the intervals of T are pairwise disjoint. Let 
(ab) and (c,d) be any two intervals of the family T. If possible, let (a, b) n 
( ed) / 0. Take any a e (a, b) n (c, d). Then a < a < b and c < a < d. This 
gives that a < d and c < b. if d < b, then a < d < b which gives that d e G. 
Again, \f b < d, c<b<d which also gives that beG. Thus in any case we 
get a cantradiction because none of b and d belongs to G. Hence b - d. 
Similarly we get a = c. Thus two intervals of ITare either identical or disjoint. 
Hence T is a family of pairwise disjoint open intervals. For each open interval 
1 in rchoose a rational number y, e / and let E = {y, : / 6 T ). Clearly 
is countable. Define the mapping /: T-* E as follows. 
f(I) = r { for / G F. 

Let /, J € T and l * J. Then / n J = 0 which gives that Y/ * Y>• So B 
*f(J) for I * J. Therefore the mapping /is one-to-one. Since t is counta e, 

the family ,?“is countable. 
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Note 1.2. If G is an unbounded open set on the real line, then the result 
is also true. 

Covering by open intervals. 

Let £ be a subset of R and £"be a family of open intervals. We say that 
the family covers the set E if 

£CU {/: I e^)]. 

Let ^and be two covers of the set E. If T* c then is called 
a subcovei of the set E. Further if consists of only finite number of 
intervals, then F* is called a finite subcover of E. 


Theorem 1.16. (Lindelof Theorem). 

Let E be a subset of Rand F'be a family of open intervals which covers 
the set E. Then there is a countable subfamily of such that ^“* also 
covers the set E. 

Proof: Let E be a subset of R and T be a family of open intervals which 
covers the set E. Take any x in E Then there is an open interval I x in T such 
that x El x . Let I x = (a x , b x )l Choose rational numbers a A . and P r with 
a a < a x < x < (3 V < b x Write J x = (a x , P A ). Then jc eJ x and J x c I x Let A 
= [J x : x E E). Clearly A is a cover of E. Since the set Q of all rational numbers 
is countable, it follows that A is countable. So its elements can be taken as 


For each positive integer n, denote by I n the open interval in such that 
J n c I n . Let T* - {I n : n = 1,2, 3,....}. Then T* c T and T* is countable. 

Let x E E. Then x E J n for some positive integer n. Since J n c l n , x E / ;J . 
Hence is a cover of E. This completes the proof of the theorem. 


Diameter of a set. 

Let Ebea nonempty subset of R and let diam (£) = sup [\x-y\: x, y E E). 
Then diam (£) is called the diameter of the set E. 

Eample 1.1. 

Let F be a nonempty bounded and closed subset of R amd let X = inf F 
and p. = sup F. Then A, p. E F. 

Soln. Since F is bounded,there are real numbers a and b with a <x<b 
for all A' in F. 

This gives that a < X < [X < b. 

Assume that X £ F. Then X < x for all a in F. Choose any £ > 0. Then there 
is a point v in F such that y < X + e. Since X < y we see that y e (X-e, X + 


f 
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e) but y & X. Since this is true for every e > 0, it follows that A, is a limit point 
of F. So k e F which contradicts our assumption. Hence X eF. Similarly We 
can show that jli e F. 

Example 1.2. 

Let F be a closed subset of R. If { x n } c F and {*,,} converges to a, then 
a eF. 

Soln. Assume that a EF. Then a eF', where F' is the complement of 
the set F. Since F is closed, F' is open. So we can find a 8 > 0 such that 
(a -8, a + S)cf: Since [x n ] converges to a, there is a positive integer n Q 
such that 

x n e (a - 5, a + 5) for all n > n 0 that is, x n e F' for all n > n 0 . 

This contradicts the fact that x n e F for all n. Hence a eF. 

Theorem 1.17. (Cantor’s Intersection Theorem). 

Let { F n } be a sequence of nonempty bounded closed sets such that 
F l z>F 2 ^F 3 z> .z> F n D .... 

Then f) “j F n is nonempty. 

Further if diam ( F n ) —> 0 as n —> oo, then p ^ F n consists of only one 
point. 

Proof: Since F l is bounded there are real numbers a and b such that 

a < x < b for all x efj. . (1.1) 

For each positive integer n, let x n = sup F n . Then x n G F n for all n. Since 
F n+l C F n’ it follows that x n+[ < x n ; also by (1.1) a < x n < b for all n. Thus 
the sequence ( x n ) is decreasing and bounded. So it is convergent. Let 
a = Iim x n . 

Take any positive integer p. For any n > p, F n c F p . So x n E F p for 
n > p. Since F p is closed, a eF p . 

This is true for every positive integer p. Hence a e f| p =i F p . 

Next, suppose that diam (F /; ) —> 0 as n -> <*>. Let % e f) ,Z\ F ,y Then 
a e F for all n. So 

15 — «| < diam (F p ) -> 0 as p 0 as p -> 

Hence £ = a. Therefore f) / F consists of only one point. 
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Compact sets. 

A subset E of the real line R is said to be compact if every family of open 
intervals covering the set £ has a finite subcover. 

Theorem 1.18. (Heine-Borel Theorem). 

Let F be a nonempty bounded and closed set and let T be a family of 
open intervals which covers the set F. Then it is possible to choose finite 
number of open intervals / t , l n from the family T such that 

Fc/jU^u ... ul n . 

Proof. By Lindelof’s Theorem the family T has a countable subfamily 

= {/p / 2 , / 3 ,....} which also covers the set F. If F* is finite, there is nothing 
to prove. Suppose that 3F* is infinite. 

We define the sets F { , F 2 , F 3 ,...asfollows. 

F 1= F |/ P F 2 =F| (/,u l 2 \ F 3 = F\ (/j u l 2 u / 3 ),. 

F„ = F | (/, u / 2 u.U/„) 

For each n we have 

F n = F n l\ nl 2 n .... n I' n 

where the prime O denotes the complement. Clearly each F n is bounded 
and closed and 

F[ D F 2 d F 3 3. 

Assume that F k * (J) for all k By Cantor’s intersection Theorem the set 
f| „=i F n is nonempty. 

Let a 6 f| F n . Then a e F n for all ru This gives that a £ l n for all n. 
which contradicts the fact that /'* covers the set F Hence F m = <|> for some 
positive integer m. This gives that 

F c /, u / 2 u ....u l m . 

This completes the proof of the theorem. 

Theorem 1.1.9. Every compact set of real numbers is bounded and 
closed. 

Proof: Lei E be a compact set of real numbers. We complete the proof 
by the following steps. 

(I) For each A' in E, let /.. = (a-1, a+ 1) and let T- {/ ; x £ F). Then T 
is a family of open intervals which covers the set E. Since the set E is 
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compact, we can choose finite number of open intervals V lx 2' ' l x n fr° m 
the family ^such that 

E c /.. lv / ... vj / v (1.2) 

Denote by a and b the least and the greatest of the numbers 
*1-1, *i+l, * 2 - 1, *2 + 1, x n -1, + L 

Let* eE. Then by (1.2) * el xi for some positive integer / (1< i < n) which 
gives that a < x i -1 < * < * { . + 1< b. Hence E is bounded. 

(II) Take any point * in E ' where £j' is the complement of E. 

Let y eE. Then y * *. Write 8 y = ~ | * - y\ and U y = (y -5 y , y +5 y ) 
V y = (* - + 5 y , * + 8 y ). Then x EV y and y e (J y and V y n t/ y = (J). 

Let ^ = {U : y E E). Then T is a family of open intervals and it covers 
the set E. Since E is compact we can select finite number of open intervals 

Uyy - Uy 2 , "» Uy„ 

from the family ^such that 

Ed U yi ,uU y2 u-<j,Uy n . (1.3) 

Let K= D/i V>.and W= U/=iU^-* 

Then V is a neighd of * and E c W. 

Let zeV. Then ze V yi for i=l,2,..., n. 

Since V yi n ^ yi = <)) (/=l,2,.„,/i), z £ U yi for i = 1, 2 ,...n and so zE W. From 

(1.3) it follows that z EE and so zeE'. Hence V c E'. So E' is a neighd of 
* Since * is arbitrary it follows that E' is open and so E is closed. 

Functions on subsets of real line. 

Limit of a function. Let E be a nonempty subset of R and let/: E R. 
Let a be limit of point of the set E. We say that fix) tends to a finite limit 
/ as * tends to a Over the set E if for every e > 0 there is a 5 > 0 such that 

\f(x) -1 1 < e for all * eE n ft (a, 5), 

where N (a,5) = (*: * eR and 0 < | * - a | < 8}. We say that I is the limit 
of fix) as * tends to a over the set E and we write 


Iim 
*—> a 
xeE 



Continuity. Let E c R and f : E —> R. The function / is said to be 
continuous at the point a eE if for every e > 0, there is a 5 > 0 such that 
\f(x)-f(a) | < e for all xe E n N{ a,5). 
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where N(a,8) = [x:x eR and |jc— ot| < 5}. 

If/is continuous at each point of E we say that /is continuous on E or 
simply continuous. 

Note 1.3. Let E c R and / E —> R. Suppose that/is continuous at a eE. 
If a is a limit point of £, then clearly fix) —> fia) as a —> a over the set E. 

Next, suppose that a is an isolated point of E. Then we can find a 8 >0 
such that E n N(a,&) = {a}. Choose any e>0. If xeE nN (a,8), then x = a 
and so 

\f(x) -/fa) | = 0 < e 

This gives that / is continuous at a. Thus / is continuous at each isolated 
point of E 

Theorem 1.20. Let E be a compact subset of R and let f:E —» R be 
continuous. Then / is bounded on E and attains its bounds on E. 

Proof: Let a e E. Since / is continuons at a, there is a 8 a > 0 such that 

I fix) -/fa) | < 1 for all x eE n N(a,6 a ) ... (1.4) 

where N( a,8 a ) = [x:x eR and | jc - a | < 8 a }. 

Let A = {AYa.S^): a g£}. Then A is a family of open imtervals which 
coveis the set E Since E is compact, we can select finite number of open 
intervals N fa t , 8^), A r fa 2 , 5^),..., N(a n , $ a ) from the family A such that 

£c U,:,w(a,..8 a .) . (1.5) 

Let k= /7iaA-{|/fa t )| + 1: / = 1,2, ..., n}. 


Take any x eE. Then by (1.5), x eN (ct f -,8 a/ j for some i (1< / < n). So 
by (1.14) 


I fix) -/fa^l < 1 

or \f(x)\ < | fix) -f( a,.)| + | fiafl < 1+ | yfa ; .)| < k. 

Thus | fix) | < k for all x eE So /is bounded on the set E. 
Denote by M and m the lub and gib of fix) on E. 

For each positive integer n, there is a point x n in E such that 

fix n ) >M - -. 

n 


So for all n, 


M-~<fix n )<M 


( 1 . 6 ) 


Since E is compact, it is bounded and closed. Again, {a ;i }c E. So {a } 
is bounded and hence it has a convergent subsequence |a^ |. 


Let a = 


lim 


k ^' nc E * s closed a eE. From (1.6) we set 
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_ — < f(x„ k ) < M for all k 
n k 


(1.7) 


Since / is continuous at a, letting k ~ in (1.7) we obtain f[a) = M. 
Similarly we can show that m - /(P) for some Pm £. 

Theorem 1.21. Let £ be a compact subset of R and let f: £ -» be 

continuous. Then the set f[E) is compact. ^ . 

Proof : Let A be a family of open intervals which covers the set/(£j. Take 

any point a in E. Then/a) ef(E). Since A is a cover oi f(E), there is an open 

interval / a in A such that /a) e/ a . Clearly I a is a neighd of/a). So there 

is a positive number 8 a such that 

fix) g I a for all x G E n N(a,d a ) .^ - 8 ^ 

where N(a,8 a ) = (ot-5 a , a +8 a ). 

Let A* = [N( a, 5 a ): a eE). Then A* is a family of open intervals which 
covers the set E. Since E is compact we can choose finite number of open 
intervals 

N(i x p S a[ ), AYo^, 5 a2 ).. m it \) from the family A* such that 

Ed U/=i^( a /»^a # ) . (L9) 

Now let P ef(E). Then there is a point a in £ such that P =/(«). From 

(1.9) we see that a GAf(a/,5 a .) for some z (1 < i < n ). So by (1.8) 


P =/(o0 e/^c U V=1 I av . 

This gives that 

/£)c=Uv=l'cv 

Therefore the set fiE) is compact. 

Uniform Continuity. Let £ c R and/: E -> R. The function/is said to 
be uniformly countinuous on £ if for every 6 > 0 there is a 5 > 0 such that 

| f(*>/A''')| < s 

for all x', x" in £ with | x'-x"j < 5. 

Theorem 1.22. Let £ c R and /.; £ — > R be uniformly continuous. Then 
/ is continuous. 

Proof. Let a e£. Choose any e > 0. Since / is uniformly continuous on 
£, there is a 5 > 0 such that 

\f (x')-f(x”)\ < e... 
for all x', x" in E with \x'-x"\< 5. 


(U0) 
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Take any x in E n N (<x, 8 ), where N( a, 8 ) = (a - 8 , a + 8 ). Then 
| x - a| < 8 . 

By (1.10) we have 

\f(x) < e. 

Therefore / is continuous at a. Since a is arbitrary, / is continuous. 
Note 1.4. The converse of the above result is not true, that is, a function 
continuous on a set £ may not be uniformly continuous. We show this by 
the following example. 

Example 13. 

Let E - (0, 1). Define the function / on E as follows. 


1 

fix) = — for all x G E. 

JC 

Clearly / is continuous on E. 

Assume that/is uniformly continuous on E. Choose any £ with 0 < e < ^ • 
Then there is a 5 > 0 such that 

< e . (in) 

for all x', x" ‘m E with | x'-x"\< 8 . 


Let n be a positive integer such that n > ■ 


1 1 

Take x' and x" ~ - 7 . 

n n + 1 

1 1 s 

-<-^< 8 . 

n(n + l) n 2 

So by (1.11) we get 

\f(x')-f(x")\ < z . (1.12) 

We have 

\f(x')-f(x")\ = |n-fn+U|= 1 

1 

This contradicts (1.12) because E<~ . 

Hence / is not uniformly continuous on E. 

Theorem 1.23. Let E be a compact subset of R and let f: E —> R be 
continuous. Then /is uniformly continuous. 

Proof: Choose any £ > 0. Take any ct E E. Since/is continuous at a, there 
is a 8 u > 0 such that 


Then = 


1 1 


n n +1 
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\f(x)-f(CL)\<~t - - - (U3) 

for all a- eE n /V (a, 8 a ), where N( a,8 a ) = (a-5 a , a + 8 a )- 
Let x', x" eE n N(OL,8 a ). Then 
| fix')-fix") I < I fix') -fia)\ + \fix-) -fiai 

< |« + |e = e. IBy ( 1 . 13 )] 

Thus 

I fix') — fix")\ < £ < U4) 

for all x', x" in E n TVfcx, 5 a ). 

Let A = {AYa,5 a ) :ae£). Then A is a family of open intervals which 
covers the set E. Since E is compact there are finite number of open intervals 
N(QL\, S al ), N( a 2 ,5 a2 ) N(c c,,^,) in the family A such that 

E c U/=i ... ... (1.15). 


Let 5 = min 


— 5 


a, 


i = 1, 2, 3, • n f 


Then 5 > 0. 


Take any x ' x " in E with | x' - x "\ < 8. 

From (1.15) we see that x'&N(CL f , 8^) for some i (1< i < n). Then 


I and \ x "~ a i | ^ | x'- x" | + | a'- aj < 8 + - S«. < 8 k . 


Thus x', x" both belong lo E n N fa /( 5 a .). 

So by (1.14) 

\ f(x') - f(x")\<z. 

Hence / is uniformly continuous on E. 

I 

Theorem 1.24. Let f: [a, b] —> R be monotone. Then for each point .v in 
(a, b),f(x-0) &f(x+ 0) exist and f(a+ 0) & f(b- 0) exist. The set of the points 
of discontinuity of / in [a, b] is countable. 

Proof: Suppose that /is increasing on [ci,b]. Take any a in ( a,b) and let 
E = (y: y =f(x) for some x in (a, a)}Clearly the set E is nonempty and 
bounded above. Denote by l the lub of the set £ Choose any e > 0. There 
is a point .v, in (4 a) such that f(x { ) > / - e. Then clearly 

/- e < fix) < l for all x in (.v,, a). This implies that ,/(ot-0) exists and is 
equal lo /. Similarly we can show that f(vM)) exists. Take u, v in (a, b) with 
u < a < u Then 



SETS AND FUNCTIONS 


19 


m < m < m 

Letting u -> a - 0 and v —> a + 0 we get 
f(a-0) <f(a) <yfa+ 0 ). 

Denote by D the set of all the points of discontinuity of / in ( a,b ). For a 
in D, let I a = (/fa-0). ,/fa+O)). 

Take any a, (3 in D with a < (3. Then clearly /fa+0) </f(3-0). 

This gives that / a n /p = <|). From each / a choose a rational number X a 
and let E = {A a : a eD}. Then E is countable. Define the mapping 

8 : D —> E as follows. 
g(a) = for a e D. 

Take any a, [3 in D with a * [3. 

Without loss of generality we may take a < (3. Then I a n /p = cj). Since 
X a e/ a and Xp e /p, X a ± Ap, that is, g(a) * gfp). This gives that g is one- 
to-one Hence the set D is countable. 

Theorem 1.25. Let f: [a, b] —> R be decreasing. Then given any e > 0 

there is a subdivision a = x^< x^ < x 2 < .< x n = b of [a, b ] such that 

f(Xj+0) - j\x) < E 

for xziXj, x i+[ ) (/ = 0 , 1 , 2 , ..., n- 1 ). 

Proof: Choose any 8 > 0. We say that an interval [a, (3] c [a, b ] possesses 
the property ( P) if there is a subdivision 

a = to < r, < t 2 < ... < t n = |3 

of the interval [a, (3] such that 
f(t +) - fix) < e 

for all x in (r t , t i+i ) (i = 0, 1,2, ... , n - 1 ). Since f(x) ->/fa +) there is a 
point a in (a, b ] such that 


f(a+) — f(x) < e for all x in ( a , a). 

Let a = t Q < t l < t 2 < ... < t n = a be any subdivision of [a, a]. Take any 
x G ( f i> f i+0- Then x &(a, a), Since f(tj+) -f(x) < f(a+) - f(x) we have 

f(tj+) -f(x) < e. 

Thus the interval [a, a] possesses the Properly (P). 

Denote by E the set of all points a in ( a , b\ such that [a, a] possesses 
the property (/>). Clearly £ is nonempty and bounded. So it has the least 


upper bound P (say). Then a < p < b. Let - be any point with a < z < p. There 
is an element a in £ with z < a < p. Since [a, a] possesses the properly (P). 
the interval | a, -| possesses the properly ( P) and so z e £. 


Now we show that p e £. Since fix) ./(P-) as ,v -4 P-. there is r, point 
l with a < Zj < (3 such that 
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f(x) \ e for a11 x in ( z i’ P)* 

Let x, x' be two points with Z\< x < x < P- Since 


1 

fix) -fix) <f(x')-f( P-)< 2 e ’ 


letting x'-> z x + we get 

/fz^) -fix) ^ •" (U6) ‘ 

Since e ^ there is <2 subdivision 

= /q < ••• ^ 

of [a, zj such that 

/<v; -./M < e 

for all x in (t t , t i+t ) 0=0, 1, 2, 3, ... n -1). 

Take t n+l = P and consider the subdivision 

a ~ t o < h h < l n < r «+i P* 

Since f(t n +) -f(x) < £ for all x in (t n , t n+{ ) it follows that [a, P] possesses 
the property ( P ). So P e E. 

Lastly we show that P = b which will complete the proof. 

Assume that P < b. There is a point z 2 with P < z 2 < b such that 
f( p+) - f(x) < £ for all x in (P, z 2 ). 

Take t +2 = z 2 ■ Consider the subdivision a = t Q < < t 2 < ... < t n < 


f n+ 1 < t n+2~ z 2‘ , r , 

Since f(t n+ j+) - fix) < £ for all * in 0, l+1 , '„+ 2 ) we sce that Z V 
possesses the property ( P ). So z 2 eE which contradicts the fact that P is the 


lub of K Hence P - b. 

Semicontinuity. Let E c R and let /: E R f is said to be upper 
semicontinuous at a eE if for every £ > 0 there is a 8 a > 0 such that 

fix) < fi a) + e for all x eE n N fa,8), 
where N( a,8) = (a-S, a + 8). 

f is said to be lower semicontinuous at a e E if for every £ > 0, there is 


a 8 > 0 such that 

f(x) > fi a) - £ for all x (EnN(a,8). 

From above it follows that if / is continuous at a, then it is both upper 
and lower semi continuous at a. Conversely if / is both upper and lower 
semicontinuous at a, then it is continuous at a. 
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SETS AND FUNCTIONS 
Exercises—1.1 

1. Let A and B be any two sets. Then 
(i) A/B = AnB ' (ii) A/(A/B) = AnB. 

2. Let A be any set and {£ ;| } be any sequence of sets. Then 

(i)An (U ", £„) = U„r,(An£„). 

(U)Au = n„:,(Au£„). 

(iii) A/(U"l^) = n"i(A/£„). 

(iv) A/{U",(A/£„)}= An(n„“,£„). 

(v) A/(n„:,£„)=u,"i(A/£„). 

(vi) A/ {n„"i(A/£„)}= U",(An£„). 

3. Let A and B be any two nonempty sets and /; A —» B be a sutjection. 
Let (A n ) c A and (fi n ) C B. Then 

(i) A n ) = u„ fiAJ- 

(ii) fin n AJ c r\ n f(A n ). 

(Hi) /-' (u„ B n ) = u„ f-\B n ). 

(iv) /-' (n„ £„) = n„ 

4. Let E be a countable set and T be a family of all finite subsets of E. 
Then is countable 

5. Let E denote the set of all polynomials with rational coufficients. Then 
E is countable. 

6. A number a (real or complex) is said to be an algebraic number if a is 
a root of some polynomial with integral coefficients. The set of all algebraic 
numbers is countable. 

7. A function is said to be a polygonal function if its graph is a polygonal 
line. The set of all polygonal functions with finite number of rational corners 
is countable. 

8. A set is said to be an isolated set if it has no limit point. Every isolated 
set on the real line is a countable set. 

9. Let E cz R and /: E-aR. Then /is continuous if and only if one of the 

following holds. 

(i) For any open set G in R, /"* {W where W is open in R. 
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(ii) For any closed F set in R. f~ l (F) = EnW, where W is closed in R. 

10. Let E be open in R and f: E —> R be lower semicontinuous. Then for 
any real number a, the set [x: x eE and f[x) > a} is open. 

11. Let £ be a closed set in R and/: E —> R upper semicontinuous. Then 
for any real number a the set 

{*: x eE and fix) < a} is closed. 

Direeted sets and nets. 

Directed sets. Let D be a nonempty set and “>” be a binary relation on 
the set D. The pair ( D \ >) is said to be a directed set if the following 
conditions hold. 

(i) n>n for all n in D. 

(ii) Let m, n, p belong to D. If m > n and n > p, then m > p. 

(iii) If m,n belong to D, then there is an element p in D with p > m and 
p > n. 

Let ( D , >) be a directed set and m, n belong to D. If m > n and m * n we 
write m >n. If m > n we also write n < m. 

Examples 1.4. 

(1) Let N denote the set of all natural numbers and “>” denote the usual 
ordering on N. Then (N, >) is a directed set. 

(2) Let R denote the set of all real numbers and “>” denote the usual 
ordering on R Then ( R, >) is a directed set. 

(3) Let X denote a nonempty set and ^denote the collection of all subsets 
of X. For A, B in 3*7 let A > B ifAoB. Then (£T >) is a directed set. 

4. Let a be any real number. Denote by A the collection of all neigbovrhoods 
of a. For U,V in A, let U > V if U c V. Then (A, >) is a directed set. 

Nets. Let (A, >) be a directed set and X be a nonempty set. A mapping 
5 : A—>X is called a net in X. For n in D, we write s n in place of s(n), the image 
of n under the mapping s. We denote by : n eD, > } or {j : n eD) or 
{j h } the net s : D —» X. 

Examples 1.5. 

(1) Let N denote the set of all natural numbers and “>” be its usual 
ordering. Then (N, >) is a directed set. Let X denote the set of all rational 
numbers. Define .v: N —» X as follows. 

n 


for all n eN. 
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Then {$„ : n eN } is a net in X. Clearly {5 , /I } is a sequence. From this we 
see that every sequence is a net. 

(2) Let R denote the set of all real numbers and let “>” denote the usual 
ordering on R. Then (/?, >) is a directed set. Take X - R and define s: R-*X 
as follows. 

a 

s a ~ T, 2 for all a eR. 

1 + oc 

Then { s a : cl E R} is a net in X 

(3) Let E be a nonempty set and let A denote the collection of all subsets 
of E. For A, B in A let A > B if A D B. Then (A, >) is a directed set. 

Define s: A —» A as follows. 

s(A) = A' for all A in A, 

where A' = complement of A w.r.t E 

Then { s(A) : A e A} is a net in A. 

Nets of real numbers. Let ( D, >) be a directed set and X denote the set 
of all real numbers. A mapping s : D —> X is called a net of real numbers. 

A net : n eD} of real numbers is said to be bounded above if there 
is there is a real number k such that 

s n < k for all n in D. 

A net : n eD) of real numbers is said to be bounded below if there 
is a real number k such that 

s n > k for all n E D. 

A net {s n : n eD } of real numbers is said to be bounded if it is bounded 
above as well as bounded below. 

Convergent nets. Let {s n : n e D) be a net of real numbers. {jJ is said 
to converge to the real number / if for every e > 0 there is an element n Q in 
D such that | s n -l \ < £ for all n in D with n > n 0 . 

We say that / is the limit of the net {s fl } and write 

lim s„ = / or lim s„ = l. 
q 11 n n 


Monotone net. A net : n eD} of real numbers is said to be increasing 
[decreasing] if for any two elements m, n (m > n) in D 

s m ~ S n ~ 

{s n } is said to be monotone if it is either increasing or decreasing. 
Theorem 1.26. A monotone bounded net of real numbers is convergent. 
Proof: Let {.y /( : heD) be a monotone bounded net of real numbers. Then 
there are real numbers a and b such that 

a < s n < b for all n in D. 


(1.17). 
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Suppose that (s n ) is increasing. 

Let / = sup {j w : n eD). 

From (1.17) we have 

a < / 5s b. 

Choose any e > 0. Then there is an element n Q in D such that 


*^llQ l 


(U8) 


Take any n in D with n > « 0 . Since { s n } is increasing for any n in D with 


n > n 


0 

From (1.18) and {i.vS) we get 
l - E<s n < l 
for all n in D with n > n Q . 


(1.19) 


This gives that 


lint 

D 


n 



If {s n : n gD) is decreasing, the proof is analogous. 
Theorem 1.27. (Weierstrass’ Approximation Theorem). 


Let/: [a, b] —> R be continuous and £ be any given positive number. Then 
there exists a polynomial p with real coefficients such that 

| fix) - p(x )|< e for all x in [a, b]. 

Proof: (I) We first consider the case when a = 0 and b - 1. 

We define the Bernstein polynomials B n (x) as follows. 


n 




B n<*>= £ 0 


n-k k 
X 


We have 


X"Q ( i ~ x )" k x k = l(.l-x) + x) n = 1. 
k= 0 

So 

fix) = i n C k f(xil-xf- k x k 
k=0 
and 


n 

r 

(k\ ] 

f(x) - B (x) = 2 " c k' 


•V | , 
— 

n k= 0 

{ 

[nj 


Choose any £ > 0. Since/ is continuous on [0,1 ] it is uniformly continuous 
there. So we can find a positive number 5 such that 
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for ail x', x " in [0, 1] with | x -x"\ < 5. 
Take any a: in [0, 1]. Let 


A = {1, 2, 3. ..., n }, P={A:; k eA and 



< 5 } and Q = A / P ; 


and M = sup {|/fa )|; a < x < b}. 
We have 


| f(x) - B n (x) 


< X n c k \f(x) A * * 


+ Z n C k \f(x)-f[^\\(l-x) n 

keO \n) 


<r e - 2" C*(l-*)"-*** + 2M rc t (i-r^ 

2 jt e p tefi 


*=o 


n 8 * e @ 


or 


1 2M ” 


I/W~^WI< + t n C k (nx-kf(nx-k) n ~ k x k 

2 jfc = 0 

For any two real numbers x, y we get 


ft 


(y + *)« = Z n C k y™x k 

k=0 

Differentiating (1.21) w.r.t. x and multiplying by x we obtain 


ft 


n x (y+x) n 1 = X n Q it y^x* 

Jt=o 

Differentiating (1.22) w./rf. jc and multiplying by jc we obtin 


ft 


n x (y+x)"~ l +n(n- 1) jt 2 (y+jc/'“ 2 = 2 "C. it 2 y*-*x* 


Jt=0 


( 1 . 20 ) 


( 1 . 21 ) 


( 1 . 22 ). 


• •• mm m 


(1-23) 


Multiplying (1.21) by nV, (1.22) by - 2nxand (1.23) by 1 and then adding 
we have 

Integration—3 
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1 "C,. (nV-2nxk + k 2 ) y'-V 

/c=0 K 

= (y+x) n . »V - 2n 2 x 2 (y+x)"-‘ + nx (y+x)"- l + n(n-l)x 2 (y+x)"~ 2 
Now taking y = 1- x we obtain 

2 "C\ (nx-k) 2 (l-xf-ty 
k-0 K 

= n 2 ^-2n 2 x 2 +nx + n 2 x? - nx 2 

= n (x - x 2 ) = ~ |l-(l-2A*) J < — . ... ... (1-24) 

From (1.20) and (1.24) we get 

1 2M n 1 Ml 
\fix)-B n (x)\< I E + ^r- 4 “2 E + 2S 2 '«' 


Now choose positive integer such that n 0 > 


M 


Then for any n > n Q 
| f(x) - B n (x) | < e for all * in [0, 1]. 

(II) Now consider the case when [a, b ] * [0, 1]. 


x-a 

Let y = T-. Then x = a + (b - a) y. 

b —a 

As x varies in [a, b], y varies in [0,1] and conversely when y varies in 
[0, 1], x varies in [a, b]. 

We have 

f(x) = f(a+(b - a) y) = g(y) (say). 

Clearly g is continuous on [0,1]. 

Choose any e > 0. 

By case /, there is a polynomial Q(y) such that 
I g(y) - Q(y) | < £ for all y in [0,1] 


or 


.f(x)-Q 


x-a 

b-a 


< £ for all x in [a, b). 


Write p(x) = 


Q 



b-a ) 


. Then p(x) is a 


| fix)-p(x) | < £ for all .v in [a.b\. 


polynomial in x and 
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_ SETS RINGS AND q-RINGS 

Definition 2.1. A nonempty class ft of sets is said to be a ring if for every 
pair of sets £ and F in ft, E u F and E / F are in ft. 

Clearly every ring contains the void set. Let E and F be any two members 
of the ring ft. Then E/F belongs to ft. and so EJ(EJF) belongs to ft. Since 
E n F = E\(E | F) it follows that E n F belongs to ft. 

If £p £ 2 , ..., E n are members of the ring ft, then by the principle of 
induction we see that (J l £. and fj .”j Ej belong to ft. 

Examples 2.1. Let X be a nonempty set. 

(1) If ft denote the class of all finite subsets of X, then ft is a ring. 

(2) If ft denote the class of all countable subsets of X, then ft is a ring. 

(3) Let ft denote the class of all subsets of X. Then ft is a ring. 
Definition 2.2. A nonempty class A of sets is said to be a a-ring if A is 

a ring and for any sequence {£,} °2\ of sets in A, E i belongs to A. 


Let A be a o-ring and {£ / } i _ 1 be a sequence of sets in A. Write 
E=U~i E i- Then E eA. Also E/E i G^for i =1,2,3, ... so U,~i ^A. 

Since f)^ £,■ = £/{lJ ,Z \( E / ^i)} we see that f| E i ed. 

In Examples 2.1 ft is a o-ring in the cases (2) and (3). 

Theorem 2.1. The intersection of a nonempty family of rings [o-rings] is 
a ring [o-ring]. 

Proof: Let = {ft : a G A} be a nonempty family of rings and let 
ft- n { ft a : a G A}. Let £, F be any two members of ft. Then £, F belong 
to ft a for every a in A. Since each ft u is a ring £ u F and E\F belong to 

ft a for every a in A. So £ u F and E\ F belong to n{ ft a : a g A] = ft. 

Hence ft. is a ring. 

Next, let T- [J a : a g A} be a non empty family of o-rings and let 

J= n{J a : a gA}. Since each J a is a ring by above case A is a ring. 

Now let { Ej } ; !!| be any sequence of sets in A. Then { Ej } c A a for every 

27 
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a in A. Since each is a a-ring, (J^ E i EJ a for every a in A and so 
(J^j Ej en{^ a : a e A}= J. Hence J \s a a-ring. 

Definition 2.3. Let 8 be a nonempty class of sets. 

(I) Denote by F the family of all rings containing the class 8. Then clearly 
^“is nonempty because the class of all sets is a ring containg the class 8. 

Let = n {ft: fte£ }. 

By Theorem 2.1, is a ring. Since each ft in ^contains the class 8, it 
follows that 8 c ft 0 . 

We denote ft 0 by %(8) and call H(8) the ring generated by the class 8. 

(II) Denote by #the family of all a-rings containg the class 8. Then ^“is 
nonempty. 

Let Jq = n {d : 4e T }. 

By Theorem 2.1, is a a ring. Since each A in ^contains the class 8, 
it follows that 8Cl 

We denote J 0 byj ( 8) and call d(8) the a-ring generated by the class 8. 
Theorem 2.2. Let 8 be a nonempty class of sets. 

(I) Every set in °R(8) can be covered by finite number of sets in 8. 

(II) Every set in J (8) can be covered by a countable class of sets in 8. 
Proof. (I) Let ft 0 denote the class all sets which can be covered by finite 

number of sets in 8. Take any two sets E and F from ft € . Then 

E C |J /=! E i and F C {J/=i F r where E r F i belon S t0 the class s - 
/We have 

£ufc£,uf 2 u...u E n uf,u ... uF 2 u ... u F n 
and E \ F c E C E { u E 2 u ... U E m . 

This gives that E u F and E \ F belong to ft 0 Hence Jfy is a ring. Clearly 
R 0 contains the class 8. Since °R(8) is the smallest ring containing the class 
8 it follows that R(8) c % Hence every set In R(8) can be covered by finite 
number of setsfrom the class 8. 

(II) Denote by the class of all sets which can be covered by countable 

class of sets from 8. 

Take any two sets E and F in J 0 . Then 

£ c U ,"i E i and F c (J F,. 
where E jt F { belong to 8. 
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Since F u F c y (£. u F f ) and E\ F c F c y.^F,-, 
it follows that is a ring. 

Now let {F-} / “ 1 be any seqnence of sets in . Then for each i, 

E t c U £j E-, where E- e £. 

Let F = y F-. We have 

£c u", 

Since {F~: i = 1,2, 3,... and j - 1, 2, 3,....} is a countable class it follows 
that EEsJq. So is a a-ring. Clearly <?c So is a a-ring containg the 
class £. Since J(£) is the smallest a-ring containg the class £ we have d (£) 

c Ay 

Hence every set in J(£) can be covered by countable class of sets from 
the class £. 

Definition 2.4. A nonempty class ^of sets is said to be a semiring if the 
following conditions hold. 

(i) The void set <(> belongs to # 

(ii) If E, F belong to # then F n F belongs to # 

(iii) If E, F belong to $ then F \ F can be expressed as 

E\F=[J ^Ei 

where F f e and F { . n F ; . = (J) for i ± j. 

Example 2.2. Let X denote a nonempty set. If denotes the class of all 
finite sets, then ^ is a semiring. 

Example 2.3. Let ^ denote the class of all sets of the form [q, b), where 
a and b are real numbers and a < b. Then ^ is a semiring. 

Soln. If a = b, then [a, b) = (j) which gives that the void set $ belongs 
to # Let F and F be any two members of # Then F = [a, b) and F = [c, d), 
where a, b, c, d are real numbers and a < b, c < d. IfFnF = <|>, then 

EnFefi Suppose that F n F * <>. Let a = max [a, c] and P = min { b d} 
Then Fn F = [a, (3). So F n F e # 

Now write D = E n F. Suppose that F \ F * (j). We have E \ F = E \ D. 
Following cases come up for consideration. 

(i) a < a, (3 < b (ii) a < a, P = b. 

(iii) a = a, P < b. 

Case (i) write F, = [a, a) and F ? = [P, 6). Then E 1 e # We have 
E\F=E\D = E\ u F 2 and F, n F 2 = <)>. 
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Case (ii) Write E { = [a, a). Then E { € 

We have E\F=E\D = E { . 

Case (iii) Write E 2 = [p, b). Then E 2 e & 

We have E\F=E\D = E 2 . 

From above considerations it follows that & is a semiring. 
Note 2.1. The semiring in example 2.3 is not a ring. 


Let £ = [0,1) and F= [2, 3). 

Then E, F efi Clearly EvF does not belong to ft So & is not a ring. 
From above we see that a semiring may not be a ring. It is easy to see 
that every ring is a semiring. 

Theorem 2.3. Let ^be a semiring and let denote the class of all unions 
of fimite number of mutually disjoint sets in Then is a ring and 

ff 0 = ^7103 

Proof : Let E and F be any two sets in $ 0 . Then we can express E and 
F as follows. 


£ = U E, and F = [j," F, 

where E v F ( belong to fP and 
E { n Ej = <|>, F i o Fj= <J> for i * j. 

(I) Suppose that E n F = (|>. Write 

E m+i = F i = O' = 





n). 


( 2 . 1 ) 


Then E u F= U7=f£/> where the sets E v E i ’ E v -' E ,„+n be,on g t0 

^and they are mutually disjoint. So E u F £ 1R.q. 

(II) Suppose that E n E * (j). We have 


EnF = \J™ l (E i nF) = \J i '",A f 

where A t = E i nF = |J (£,. n Fp =U >=, Bj (say). 

Since Ej, Fj belong to tP, B- = E^Fj £ Clearly the sets B 2 . B n 

are nutually disjoint. So A t £ (/ = l, 2. m). Since Aj n A k = (() for tek, 

by case /. E n F £ 

(III) We have E/F =U/=!(£, / F) = U/=| 
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where Aj = £,\F = E, /(u J^Fj) = fl JLfa /Fy) 

= HA (say). 

Now Bj = Ej/ Fj. Since E it Fj belong to # we can write E i / Fj = DjUD 2 
u ... u D p , where Dj, D 2 ,...., belong to^and they are mutually disjoint. 
So Bj G % Clearly B r n F^ = <j) for r * fc. Hence by case II, A; 6 Hq. Also 
the sets Aj, A 2 , A m are pairwise disjoint. So by case I, E/F e % 

(IV) We have £uF = (£\F) uf£nF)u(F\£). 

By cases /, //, ///, it follows that £ u F e 

From above discussion we see that for any two sets E and F in 8 ?q, 

E u F and E/F belong to \ Hence f?. Q is a ring. 

Clearly ^ c R Q which gives that R($>) c R Q . Again, R($>) is a ring 
containg so it contains all Finite unions of mutually disjoint sets in & 
which gives that R Q c R(P). Therefore R Q = R($>). 

Definition 2.5. Let g be a nonempty class of sets and A be a fixed set. 
We denote by gn A the class of sets of the form Er\ A, where E e g. 

If % is a ring, then it is easy to see that E n A is a ring. Again, if d is 
a o-ring, then d n A is a a-ring. 

Theorem 2.4. Let g be a nonempty class of sets and A be a fixed set. Then 

i(<f)nA = d(gn A). 

Proof : Clearly g n A c d (g) n A and d (g) n A is a a-ring. So we get 

/J (<?n A)ci (<£) n A ... ... (2.2). 

To show the reverse inclusion relation we proceed as follows. 

Denote V the class of all sets of the form B = D u (F \ A), where 
Ded (gn A) and Fe ^ (<?). We show that ?? is a a-ring. 

Let Fj and B 2 be any two sets of E Then F f . = D, u (F j \ A), where 
D / Ed (g n A) and F^d (g) (/ = 1 , 2). We have 
= u D 2 )U {(Fj I A) u (F 2 | A)} 

= (O, u D 2 ) u {(Fj u F 2 ) \ A}. 

and B x \ B 2 = {D, u (Fj | A)} | {D 2 u (F 2 | A)} 

= (D,|D 2 )u {(F, | F 2 ) | A} ( *.• D- c A) 

So F, u F 2 and Fj\F 2 belong loE Therfore ?/ is a ring. 
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Next, let {£,} 1=1 be any sequence of sets in R. Then 

B { = D t u (F f | A) (/ = 1,2,3, ....), 

where D i e A) and F ; e,J(<?) (i = 1, 2, 3,...). 

We have 

Um*=Uh{Au(fj\a)} 

* 

= (U“,O i )u{(U“ 1 ^A}. 

This shows that (J B i belongs to R. 

Hence R is a o-ring. 

Let £g We can write 

£ = (£nA)u(£\A). 

This gives that £e R. So £ d R which again gives that J(V) c R. Hence 

/d (<?) n A c R n A. ... ... (2.2) 

Let B G R. Then R = D u (F\ A), where D e 4(8 n A) and F g^ (<?). 
So £ n A=D r\ A = D because D c A This gives that Bn A g^ (<?nA) 
and So. 

RnAc^OfnA) ... ... (2.3) 

From (2.2) and (2.3) we get 

^(<f)nAci (^nA). . (2.4) 

From (2.1) and (2.4) we obtain 

,J(£)nA = A). 

Definition 2.6. Let {£ ;| } be a sequence of sets. We define the set E* as 
follows. 

E* consists of all those elements which belong to infinity of sets E We 
call E* the upper limit or limit superior of the sequence {FJ and write 

E* = lim sup E n or E* = lim E . 

Next, we define another set £* as follows. 

E* consists of all those elements which belong to all sets E except a 

finite number. We call E, the lowerlimit or limit inferior of the sequence I E I 
and we write M 11 

£.= in/ £„ or E. = £ 

* #1—> oo « 
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From above definitions we see that 

E* = [x : x eE n for infinity of n } and 

E* = [x : x eE for all n except a finite number}. 

It is clear that E* c £*. 

If E* - £* = E (say), then we say that the sequence { E n } converges to 
the set E and we werite 


E - n-+°o Eft- 

Monotone sequence of sets. A sequence {£„} of sets is said to be increas¬ 
ing or expanding if E n c E n+l for every n. 

A sequence {£ n } of sets is said to be decreasing or contracting if 
Eft D E n+l for every n. 

A sequence {E n } of sets is said to be monotone if it is either increasing 
or decreasing. 

Theorem 2.5. Let {E n } be any sequence of sets. Then 


,* _ lim 

n —>°° 


sup E n 


=nr=i u„:* 



^ E, = lim in/E„=UMn,“,£„. 


n—>°° 


Proof: (I) Let x E E*. Then x belongs to E n for infinity of ru This implies 

that E n 

for every positive intger k. Therefore 

x * ClU \J Zk E n- . (2-5) 

Again let x be any element of the right hand set of (2.5). Then 

^ u 

for every positive integer k. This implies that x belongs to E n for infinity 
of n. 

So x e£*. Hence we obtain 


£=nr=tu“* £ „- 

(II) Next, let .v € £*. Then x belongs to E n for all n except a finite number. 
This gives that there is a positive integer k such that x e E n for all n > k. Thus 

x € H n = k E n and hence 


• • • 


(2-6) 
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Now let x belong to the right hand set of (2.6). Then 

**n n : k E n 

for some positive integer k which gives that x e E n for all n> k. 

. So x e £* . Therefore we obtain 

E * = U k=\ n n=k E n 

Theorem 2.6. Every monotone sequence [E n ) of sets is convergent. 
Proof: (I) Suppose that {£„} is an increasing sequence of sets. 
Then E x c E 2 c E 3 c. 

Let E = (J j E n . For every positive integer k we have 

U „=* E n = U ~1 * 


SO E*= C\U Un=k E n = E 
Again, for any positive integer k. 

n,“i £„ = E t < E t <= £ « for n - ky 

So E* = U *_1 D n =k £ « = U k -1 E k ~ 

Thus E* = E = E *. Hence {£„} is convergent and 

(II) Suppose that {E fl } is decreasing. 

Then £, => E 2 d £ 3 D. 

For any positive integer we have 


So E* = 


u„:* 

n*:> 




Ek = n t ”i £ t= 


Again, for any positive integer k, 


fl n=k E n H /i=l En A. 

So £* = U /t=l H n =k E n = 

Thus E* = A = E\ 

Hence the sequence [E n ] is convergent and 


lim E =fl “ 

I U=i 
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Problem 2.1. Let [E n \ be a monotone sequence of sets and A be any set. 
Then prove the following. 



(4) Au{limE„) = ^l(AuE n ) 

Definition 2.7. A non-empty class M of sets is said to be a monotone 
class if for every monotone sequence { E n } of sets in M lim E n g*M . 

Every G-ring is cleary a monotone class. Let £ be any nonempty class of 
sets. The monotone class generated by £ is the intersection of all monotone 
classes containing the class <?and is denoted by M {£). A ring which is also 
a monotone class is called a monotone ring. 

Theorem 2.7. A monotone ring is a CT-ring. 

Froof: Let M be a monotone ring. Take any sequence {£„} of sets in M. 

We define the sets A p A 2 , A 3 .as follows. 

Aj = E { , A 2 = E { u E 2 , A 3 = E 2 u E y ....Then {A ;i } is a monotone 

increasing sequence and (J A„ = U n =i E n • 

Since M is a ring, A n e M for every n. Again, since M is a monotone 

class, (J A n G M , that is, 1J / “ 1 E n e M. Hence M is a G-ring. 

Theorem 2.8. If U is a ring, then M ( ft) = J ( ft). 

Proof: Let t- be a ring. Since a G-ring is a monotone class and U R cj (W) 
we have 

. (2.7) 

To show the reverse inclusion relation we proceed as follows. 

For any set F, let X (F) denote class of all sets E such that E \ F, F\E 
and E u F belong to M (R). It is clear that 
Eg X (F) <=> Fg X (E). 

(I) Suppose that X (F) is not empty. 

Let { E n } be any monotone sequence in X(F). Then {F /; \F}, [F\E n ] and 
(Fu EJ are monotone sequences in M (R). We have 
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lim r \ r /i>w 

E „ \F = (F\ F)eM(K), 


F\ 


lim p 

W-4 oo /I 


lim 

= (F\F„)g^ (*), 


F u 



lim 

n-> oo (Fu F n ) G.W (»). 


This shows that lim E n e X (F) and so ft (F) is a monotone class. 

(II) Let F belong to R and keep it fixed. If E G R, then E | F, F\E and 
E u F also belong to %. Since Ra M (R), it follows that Ee X (F). By case 
/, ft' (F) is a monotone class. Also R c ft (F). 

Therefore, 

M(R)d ft(F). 

(III) Let E and F be any two sets in M ( ffi). By case II, E G ft (F). This 
gives that Ekj F, E\F and F\E belong to M ( R). Hence M ( R) is a ring 
and by Theorem 2-7, M (R) is a a-ring. So 

J (R)dM(R) ... ... (2*8) 

From (2.7) and (2.8) we obtain 


Corollary 2.8.1. It M is a monotone class containing the ring R, then 
J(R)dM. 


CHAPTER—III 


MEASURES AND OUTER MEASURES 


Definition 3.1. Let £2 denote the set of all real numbers. We form the set 
£2*= £2 u {-o°,+°°}, - «> and + are two elements not in £2. We define 
algebraic operations and order relation among - oo, + oo and the real number 
x as follows. 

- < X < + 

(± °o) + X = X + (± oo) = ± oo, 

(± oo) + (± oo) = ± 

X (± oo) = (+ oo) x = ± oo if x > 0, 

= 0 if x = 0, 

= + oo if x < 0, 

(± oo) (± oo) = + oo, (± oo) ( + oo) = _ oo, 

X /(± oo) = 0. 

The symbols (+ oo) + (_ oo) and (- ®o) + (+ oo) are not defined. The system 
£2 thus formed is called the extended real number system. Any real number 
is called a finite number ; and + oo and - oo are called infinite numbers. The 
symbol + °° is usually written as 

Let X be a nonempty set. Throughout this chapter we consider only the 
supsets of X. 

Definition 3.2. Let be a non-empty class of subsets of X. A function 
p, : ^->£2 is called a set function. 

A set function p defined on the class J^is said to be 

(i) additive if p. ( EuF) = p (£)+p, (F) for every pair of disjoint sets E, F 
in J^with £ufe T if the R. H. S. is defined 

(ii) finitely additive if 

p ( Ej, u E 2 ^J... [ u E n ) = p- (£,)+p (£ 2 )+‘"+M- (£„) f° r every finite class 

{£,, E 2 ,...,E n } of mutually disjoint sets in T with u,”, Ej € T when the 

R.H.S. is defined. 

(iii) Countably additive if 

n(u~, £,)= 1 n(£ ; ) 

v ' i= 1 

for every countable class {£,, E 2 , E 2 , .} of mutually disjoint sets in T 

with u ”, Ej E T when R.H.S. is defined. 
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(iv) monotone increasing if 

p(£)<p(F) 

for every pair of sets E, F in T with E c F and monotone decreasing if 

p(£)>p(F). 

Definition 3.3 (Measure). A set function p defined on a ring X is said to 
be a measure if it is non-negative, countably additive and p (0) - 0. 

Let p be a measure on a ring X The measure of E is said to be 

(i) finite if p (£) < +°° . 


(ii) CT-finite if there is a sequence {£/} /=i of sets in X such that 


£ c Ei and M- (&i ) < + 00 ( ; “ 1*2,3,....). 

If p (E) is finite [a - finite] for every set E in X, then the measure p is 
called finite [o - finite] . 

The measure p defined on the ring X is said to be complete if the following 
condition holds. 

If E e % F c E and p (£) = 0, then F z X. 

It is easy to see that a measure is finitely additive. 

Theorem 3.1. Let p be a measure defined on a ring % Then p is monotone 

increasing and subtractive. 

Proof : Let A and B be any two sets in X and A c B. 

We have 

B= A u (B\ A).The sets A and B \ A are disjoint. So 

p (B) = p (A) + p (B \ A). ... - (3- 1 ) 

Since p (B \ A) > 0, p (B) > p (A). So p is monotone increasing. Suppose 

that p (A) is finite. From (31) we have 

p(*\A)=p(fl)-pM). 

This gives that p is subtractive. 

Theorem 3-2. Let p be a measure on the ring X. If E £ X and {£}} is a 
countable class of sets in X with Ed u ; . , Then 

p(£)< X (£/)• 

Proof: Define the sets A v A v A 3 ....as follows. 


A l =E l ’A 2 =E 2 \E l ’A 3 =E 3 \(E l uE 2 ) . 

Then the sets A v A T A 3 . are pairwise disjoint and 

u, Aj = u f . Ej . Also A/ c Ej (i = 1, 2, 3, ..) • 

Since X is a ring, A j 8 X for each /. Again, since E c u f - A,- we iave 

E = E n (u,- Aj) = u j ( E n Aj). 
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So n(£)= ? 

1 » i 

Theorem 3-3. Let p. be a measure on the ring X If £ e X and (£.) i s a 
countable class of mutually disjoint sets in X with u, E, c £ then ' 

1 H(£,)<H(E). 


Proof : Let n be any positive integer. Then 


u,"! Ei c E . 

Since ft is a ring, u/^ E t e ft. 

Again, since p is monotone increasing, 

H(u," = i£,)<n(£) 


or £h(£,)<h(£) 

1=1 

Since (3.2) holds for every positive integer n we obtain 


(3.2). 


I H(£,)<H(£). 

i 

Theorem 3.4. Let p be a measure on the ring < H. If { E n } is an increasing 
sequence of sets in ft with lim E n e ft then 


1 lim p 
«-» oo c n 


-lim 


J 


n —>oo 


1* ( E n) . 


Proof : We define the sets A [t A 2 , A 3 , ... as follows. 

A 1= £,,A 2 =£ 2 \£,,A3=£ 3 \£ 2 ,.... 

Since \E n ) is monotone increasing the sets A v A 2 , A 3 , ... are pairwise 
disjoint and 


lim 


U /=l A/ = U ,=l Ei = n _^ 00 E n- 


Since ft is a ring, Aj E ft for each i. If p ( Er ) = +°° for some positive integer 
then p ( Ej) = + oo for all / > r. Since E r c lim E n , p (lim E n ) = + °°. Hence 


lim 

//—>oo 


n( £,,)=■ it 


lim p 

,,-400 ^/f 


V 




Next, suppose that p (E /( ) is finite for every n. Then p (A /; ) is also finite 
lor every n. | *.*A c EJ. We have 
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E„ = £„.,u ( E„\ u A, • 

So H (£„) = H ( H (A„) or n (A n ) = H (£„)-M (£„_|)- 

Therefore, 

jli (lim £„) = p (^mA ) 


= £ka) 


i=1 


lim 



= n^L^( E n)-^ E n- 1)} (We take R>= 0) 
1 = 1 


= lim 

n-*°° 


(*( £ n)- 


This proves the theorem. 

Theorem 3.5. Let p be a measure on the ring ft. If {£ /; }is a decreasing 
sequence of sets in ft with lim E fl E ft and p (Ej) is finite, then 

!Z K^)=K"”“ £ »)- 


Proof : We define the sets Aj, A 2 , A 3 as follows. 

A { = E { \ E 2 , A 2 = E 2 \ E y A 3 = E 3 \ E 4 ,Z Then A n £ ft for each n and 

A; n A • _ <|> for i * j. 

Write A 0 =lim E n . Then A 0 =c\l l E n and ^A) = ^ A 


So 


p(£ 1 \A 0 )= £p(A). 

/=! 


p(£l)-p(A 0 ) = £p(A) 

1 = 1 


= lim sV(A) 
//—>°° /= | 


or 
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= ‘Z M*i)-■*(*„)} 

or p.(limE n )=lim il ( En ) 

This completes the proof of the theorem. 

Theorem 3*6. Let ^ be a semiring and \x be a non-negative countably 

additive set function on ^ with p (0) = 0. Then can be extended to a unique 
measure on 

Proof : We define a set function jl on n (?) as follows. 

Let A e n ($>). Then A = A,, 

where A 4 , A 2 ,...,A n are pairwise disjoint sets in p. We define 

S(A)= £p(A,). 

/=1 

The representation of A as the finite union of pairwrise disjoint sets in 0 
is not unique. Let 


A = u /=1 A,- and A = u/^ 

be two representations of A of above type. 
We have 


So 


and 


Similarly 


A; = 


An A- A n (u^, Bj) = n B ; ) 


/I 


RA)= Sn(i4,nB f ) 

7=1 

t" / m n 

2>(A/)=£ Z^A/nfi/) 

'=i /=i 7=1 


n in n 

£K«/)=X In(A,oB,) 

7=1 i=l y=l 


From (3-3) and (3-4) we gel 
Integration—4 


(3.3) 


• • • 


(3.4) 
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Zn(A)= b( B Ji 

/=I j =1 

This gives that jl (A) is independent of the representation of A. 
We now complete the proof by the following steps. 

(I) Let A and B be any two sets in °E (#>) with A n B = <|> . Then 

A = kj ™j Ai and B = Uy"j Bj, 

where Ay* and Ay n^= (j), B { n B k = <() for i*jfc 

Write £y = Ay (/= 1, 2, ...* m), E m+j =Bj(j =1, 2, ... n ). 

Then A u B = u™"} 71 £, 

and the sets £ 2 ’ •••• * are paiswise disjoint. So 

/W+rt 

\L{AkjB)= In .(£,) 

1=1 

m n / \ 

= Zn(4)+ I K b j) 

1=1 y=i 

=P(')+P( B )- 

(II) Let {A ;J }be a sequence of pairwise disjoint sets in 8?(^) with 

(J~A n e *(«. 

Write £ = A n . 

(a) First suppose that E e 

Let Ay = A,y, where 

Aij are pairwise disjoint sets in # 

We have 

P(4)= £ m(4,)- 

y=i 

So I P(4) = £ X A>) = m-(£■ )• 

;=i ;=i y=i 

(b) . Now suppose that E £ 

Then E - Uy =J " E-, where £|, E 2 . E n are pairwise disjoint sets in 

We have 
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Ej = En Ej = u (A,- n Ej\ 

and Aj- = A- r\ E— ^j=\ {Ai^Ej^. 

By case I. 

£(4) = 1 v{ A i nE j). . (3.5) 

;'=l 

By case (a), 

n(£y)= £ 

! /=1 

So («(£)= £ n(£y) 

M 

= 1 ipUnE-) 
j=\ i =i 

= £ E JI (a,- n£ y ) 

i=l ;=1 

OO 

= 2 P(A) [By (3-5)]. 

i=l 

(III) Let jij and jlx 2 be two measures on & which coincides with p, on 

Let A e % (^). Then A = u,!! :1 A/ where Aj A 2 ,..-, A ;j are pairwise disjoint 
sets in p. 

We have 

HiM= £l*i(4) = £h(4). 

1=1 i =1 

n 2 (/t)= £h 2 (4)= £h(4)- 

(=1 i=1 

So |i|(/l)=n 2 (4 

This proves the uniqueness of (I and the proof of the theorem is com- 
pleie. 
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Outer Measures. 


I'o'lnition 3.4. A non-empty class 8 of sets is said to be hereditary if the 
coic 'tions E £ 8 and F c E imply that F e 8 . 

1 le hereditary a- ring generated by the class 8 is denoted by ft (8) .It 
is y to see that ft (8) is the class of all sets which can be covered by 
cou tably many sets in 8. 

Definition 3.5. Let 8 be a class of sets and a be a set function on 8. The 
set function a is said to be 

(i) subadditive if for A, B in 8 with A u B e8 

a (A u B ) < a (A) + a (B) when R . H. S. is defined. 

(ii) finitely subadditive if for any finite number of sets Aj, A 2 , ..... A n 


with U,=iA 

a (AjU A 2 u •••• u A n < o (A^+c (A 2 )+-+a(A M ) 
provided the R.H.S. is defined. 

(iii) countably subadditive if for any sequence {A f -} of sets in 8 with 
U/A/e* 


ct(u“, A,)< ia(A) 

V ' 1=1 


provided the R. H. S. is defined. 

Definition 3.6. A set function p,* defined on the hereditary G-ring #is 
said to be an outer measure if it is non-negative, monotone increasing, 

countably subadditive and p*(<t>) = 0. 

Note 3.1. It is easy to see that every outer measure is finitely subadditive. 

Theorem 3.7. Let p, be a measure on a ring ft and for every set A in 


ft ( ft), let 


= lltKA)-' A e^aiid Ac|J ”,a} 

7=1 


Then p* is an outer measure on W( X) and it is an extension of p .If P 

is a-finite, then so is ft*. . , 

Proof : We prove the theorem by the followmg step k t X and 

(I) Let E e ft- Write A ,= E, A, — <J> <r 2, . )- , 


£C(J 


oo 

/=! 



. So 


p*(£)< Ift(A) = f l ( £ ) 

/=! . 


(3.6) 
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Again, let {A,} be any sequence of sets in .. /ith EcU,~iA • Then 
by theorem 3.2, 

K £ ) s in(A) 

j=l 

This gives that 

p (£) < .(3.7) 

From (3.6) and (3.7) we get 
H*(E) = p (£). 

Thus p* is an extension of jit . 

(II) Let A and B be any two sets in # (R) with A c B. 

Choose any e>0. Then there is a sequence {A,} of sets in ft such that 

Bo U,~iA and 


Sit (A,)<p*(fl) + e .(3.8) 

i=i 

Since A c B, A c (J A, -This gives that 


Sm(A) .(3.9) 

/=1 

From (3.8) and (3.9) we have 

It* (A) < it* (fl) + £. 

Since £ > 0 is arbitrary we obtain 

It* (A) < p*(fl). 

So |Lt*is monotone increasing. 

(Ill) Let [Aj] be any sequence of sets in 9/{ft). Suppose that the series 
00 * 

(A) is convergent. 

/=! 

Choose any £ > 0. For each /, there is a sequence {A)'} of sets in ft such 
that 


A'CU,-:, A: and 5 A 7 ) < ^ ( A ‘) 

j j -1 

Clearly |a } covers the set (J A• 




46 


A COURSE OF LEBESGUE INTEGRATION 

So 

|i*(U « A-) * gl*K ) -1,|, K*/) 

/=p ,_1 

Since 8 > 0 is arbitrary, we obtain 

A,)<lAAi)- .(3.10) 

If the series 2>*(A). diverges then clearly (3.10) holds. Hence (1* is 
countably subadditive. 

From (I), (II) and (III) we see that |Li*is an outer measure on #(»j and 
it is an extension of p. 

(IV). Now suppose that p is a- finite. Let E be any set in #(%). There 
is a sequence {A^} of sets in H such that 

£ c U ,=i A . 


For each i, we can choose a sequence [Ay) in fl such that 

A C U ;=l Ay and n( Ay) < +°° 0=1. 2,3, •••). 


Clearly [Ay j covers the set E and 
M-( Ay) < + °° for i, j =1,2, 3,- 


Therefore p* is c-finite. 

Definition 3.7. Let p* be an outer measure on the hereditary a-ring K A 
set £ in ft is said to be p*-measurable if for every set A in W 

P* ( A) = p* ( An E) + p*( An E 0, 


where E' is the complement of E. 

Theorem 3.8. Let p be an outer measure on the hereditary cj— ring ^an 

,6- denote the class of all p'-measurable sets in W. Then Jis a ring. 

Proof: From definition it follows that the void set <{> is p*-measurable & S 
<\>z J . 

Let E and F be any two sets in I. 
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Take any set A in ft .Then 

[i* (A) = ii* (A n £)+ n* (A n £0 - (311a) 

and n* (A) = it* (A n F)+ n* (A n F') _ - (3-11 b ). 

Replacing A by An E and A n E' in (311b ) we get 
in* (A n E) = (A* (A n E n E) + \i* (A n E n F') 
and it* (A n E0 = ft* (A n E' n E ) + n* (A n E' n F'). 

Now substituting the values of p,* (A n £) and p* (An E') in (3.11a) we 
have 

p*(A) = jll* (A n E n E) + p* (A n E n F') 

+ p* (An E' nF)+ p*(A n E'n F') -(3-12) 

Replacing A by A n ( E n F ) in (3-12) 
p*(An(EuE)) = p*(AnEnE) + p*(A n E n F') 

+ \l* (An E'nF) —(3-13) 

From (3T2) and (3-13) we have 
p* (A) = p*(A n ( E u E))+ p* (An (E u F)'). 

This gives that E u F is p* measurable and so E u F E . 

Again, replacing A by A n (E/F)'=A n ( E'u F) in (3-12) we get 
p* (A n ( E'u F) = p*(A n En F) + [i* (A n E'n F) 

+p* (A n E'n F') . (3-14) 

From (3T2) and (3-14) we obtain 

p* (A) = it* (An (E'u F)) + li* (An EnF) 

= p* (A n (£\ E) + p* (A n (E \ F)'). 

This gives that E \ F is immeasurable and so £\ F s J". 

Therefore ^ is a ring. 

Theorem 3.9. Let it* be an outer measure on the hereditary a-ring ft and 
1 denote the class of all measurable sets in ft. If {E,} is any sequence of 
pairwise disjoint sets in J and A is any set in ft , then 

H*(<4n(|J £/))= in*(AnE,). 

Proof : Let {E ; -} be any sequence of pairwise disjoint sets in J and A be 
any set in ft. 

Since E { is immeasurable, 

p*(An (EjU E 2 )) = p* (An (E,u E 2 ) n E,) 

+ p*(An (^i ^ E 2 ) n E[) 

= li* (A n Ej) + ii*(A n E 2 ) f vE,n E 2 = 01 

Now using the method of Induction we obtain 
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M *(An(u,i,£-/))= i mV E ) . (3 ' 15 > 

for every positive integer n. 

Write £=U/=i E i and F n = U/=1 E i‘ 

Then F n e I for every positive integer n. For any n, 

p*(A) =V ( A n F n> + V* ( A n F n* 

= X p*(A n Ej) + p*(A n F , " /l ) [By (3*15] 

1=1 

Since F n cE,E'c F' and so 

\ 

p*(A) > X |i*(An Zf,) + jLi (A D E'). 

i=i 

oo 

This gives that p*(A) > X jli (A n E-) + \i (A E') . (316) 

i=l 

Replacing A by A n E in (3-16) we have 

p* (A n E) > X P* (A n E t ) ... ... (3-17) 

/=l 

Again, 

A n E = U /=i (A n 

oo 

So p’(A n E)< 1 H* (An EJ ... ... (3-18) 

/=1 

From (3-17) and (3*18) we get 

oo 

p*(An£) = X m*(A n £\). 

Theorem 3.10. Let p* be an outer measure on the hereditary o-ring #and 
I denote the class of all p*- measurable sets in tV. Then Jk a a-ring. 

Proof: By Theorem 3.8, is a ring. To show that/J is a cj— ring we proceed 
as follows. 

(I) Let {£,} be a countable class of pairwise disjoint sets in /. 

Write E = U ~| Ej and F n = (J /=, Ej (n = 1, 

Then h n ej~ for every positive integer n. 


2 , ...). 
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Take any set A in ft. By Theorem 3.9, 

oo 

/(A n£) = 2 1 *’(A n£ f ) 

n 

and (i*(A n F„) = I n*(A n £,.). 

Again, since F n ej, 

H*(A) = \^( A n F n> + n F n ) 

> I jx*(A n £,.) + n* (A n £0 ( v£ ' c F D 

1=1 

This is true for every n. So we get 

oo 

p* (A) > 2 n*(A n £,) + ji*(A n £0 

i=i 

a \i* (A) > \i*(A n E) + p* (A n £') ... ... (3-10) 

Since A = (A n £) u (A n £0, 

p*(A) < p*(A n £) + p (A n £ ) ••• (3 11) 

From (3.10) and (3.11) we get 

p*(A) = p*(A n £) + p*(A n £'). 

This gives that £ is p*- measurable and so £ e ^. 

(11) Now let {£,} be any countable class of in I and let £ = U,”i E t 

Define the sets £,, £ 2 ’ F 3 ’. as follows - F i = E \ and 

F n = E n \(E x u E 2 U...V E n _ { ) (n > 2). 

Then F { F 2 , £ 3 .are pairwise disjoint and U /=i £/ = U ,=i E ( = £. 

By case I, E ed . 

Therefore, ^is a a-ring. 

Theorem 3.11, Let p* be an outer measure on the hereditary o-ring ft and 
^denote the class of all p*- measurable sets in ft. Let the set functin p be 
defined on I by p (£) = p*(£) for £ el. Then jl is a complete measure 
on I. 

Proof: Clearly p is non-negative and p ((])) = O. 

Let {£ ; } be any countable class of pairwise disjoint sets in J and 

£=U ”, Ej Then EeJ. Take any set A in ft. By Theorem 3.9, 
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oo 


y*(A n E) = 2 n*(A n £,) 


Taking A = E we get 


OO 


ju*(£) = 2 jLi *(E i ) 
i=l 


OO 


or jx(£) = 2 jli (£• J. 

1=1 

So ft is « measure on ^. Let £ be any set in with ft (E) = 0. Take any 

F in #with F c E. 

We have 

An < An = JKn = o. 

Let A be any set in ft. Then 

An = An + n* w 

> [i* (A n F) + n* (A n F'). 

This gives that £ is jli -measurable and so F ej . 

Therefore, the measure ft is complete. 

Theorem 3.12. Let ft be a measure on the ring $and let the outer measure 
fi*on 9t{ 0 E) be defined as follows. 

For A in ft (ft). 


jli*(A) = inf 


r 

£ jli (E.): E t e and A c(J 7=1 E i }. 

.i=i 


Then every set in J (%) is ft*- measusable. 

_ Proof: Let J denote the class of all ju’"-measurable sets in #(ft)..Then 
J is a a-ring. We show that n a ,/which gives that J (ft) cz J. 

Take any set £ in X. Let A be any set in ft(X). Suppose that p*(A) is 
finite - . 

Choose any e > 0. There is a sequence (£.) of sets in *such that 

OO 

A c U,Ci E i and 2 p(£.) < p*( 4 ) + e . 

Now E, = (£,. r , £) u (£,\ E) and £. n E, E,\E belong to ». So 
We have M (£ '> = E) + » £). 


A n fc(J“ (£. n £) and 4 n E' c (j ”, (£,. o £'). 
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So P*(A n E) + p* (A n E') 

oo 

< 2 (H (£, n £) + n (£ ( n £')) 



< |jl* (A) + e. 


Since e > 0 is arbitrary we obtain 

p*(A) > p* (A n £) + p*(A n£) ... (3.20) 

If p*(A) = + °°, then clearly (3.20) holds. Thus (3.20) holds in any case. 
Hence the set E is measurable. This gives that R c J. Since / is a o-ring 
we have 4 (R) c 4 . This proves the theorem. 

Theorem 3.13. Let p be a a- finite measure on the ring R, then p can be 
extended to a unique o-finite measure p on ^ (R). 

Proof: Let us define the set function p* on ft (ft) as follows. 

For any set A in ft (R), 

r 

H’(A) = inf | S H(£,): £ ; e % and A cUn E i] ■ Then h* is an outer 

U=l 

measure on ft (ft) and p* (£) = p (E) for all E G R. _ 

Denote by /"the class of all p*-measurable sets in ft (ft). Then 4 is a 

a-ring and ft. d ,/which gives that ^ (R) c _ 

Now define p (£) = p ( E) for E &4 . Then p is a measure on 4 and so 

a measure on 4 (R); and also p is a-finite. 

Let Pj and p 2 be two measures on 4 (ft) such that pi(E) = p 2 (E) = p(E) 

for all E in R. 

(I) Let A be any set in ft with p (A) < + Denote by M the class of all 
sets E in 4 (R) n A = ^ (R n A) such that p t (E) = P 2 ( £ )- Then clearly 
ftn A d M. Let [E ] be any monotone sequence of sets in M. Write E = 

lim E v Since E n c A, p,- (£„) < p f (A) = p (A) < + °°. So lim p f (lim E n ) = p,^)- 
Now p, (E ) = p 2 (£„) for all n which gives that p { (E) = p 2 (E). So EeM. 
Hence M is a monotane class. This gives that 4 (ft A) d M. But from 

definition Md4(ftr\ A). So M = 4(ftn A). 

(II) Let E be any set in 4 (/?)• Then there exists a sequence {A,-} ot 

pairwise disjoint sets in R such that 

£ C U j2\ Aj and p(A ; ) < + «>(/ = 1,2,3.) 



52 


A COURSE OF LEBESGUE INTEGRATION 


We have 

So £ = U ,”i ( E n A !> 

oo 

n,(£) = I Mi (E n A i> 

/=! 

oo 

and h 2 (E) = 2 n 2 (£ n 4,): 

Since £ n A ; e4(R n A,) and M 0*;) < + °°> ty case l < 
p^E n A 7 ) = 1^2^ ^ A') ^ = •••)• 

So (£) = M- 2 ( £ )- 

Hence p, = jli 2 on ^ (#). 

This completes the proof of the theorem. 

Lebesgue Measure on the Real Line. 

Let & denote the class of all intervals of the form [a,b), where a and b 
are real numbers with a < b. Then ^is a semiring (See Example 2.3, Ch-II). 
We define the set function p on ^as follows. 

Let / = [a, b) belong to f. Then p(I) = b - a. Clearly p is non-negative. 
If a - b, then / = <|> and so p(<» = 0. Also p is increasing. 

Theprem 3.14. The set function p defined on ^is countably additive. 
Proof: Let {£,-} be a sequence of pairwise disjoint sets in & with 

E= U/=i 

Write E = [a, b) and E- = [a-, 6 f ) (i = 1,2,3, ...). 

Let n be a positive integer. We consider the sets £j, E 2 , E 3 , ....; E )f 

Without loss of generality we may suppose that a < a { < b l < a 2 < b 2 ^. 

< a n < b n < b. Then 

n n -1 

X (bj - a t ) < 2 ( a j+[ - a} + (b - a n ) = b - a { < b - a. 
i = 1 »=1 

This gives that 

n 

I il(E,)<H(E). 

/= 1 

Since n is arbitrary we get 

oo 

Z M (£,) < M(fc') 

i=\ 


(3.21) 
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To show the reverse inequality we proced as follows. 

Choose any £ with 0 < £ < b - a. 

Write ^ = 

A covers the closed interval [a, b- £]. By Heine-Borel Theorem we can find 
a positive integer m such that 


i^ a i A (i = 1, 2 ,3,....) and A = {/■: i = 1, 2 ,3,....}. Clearly 


[a, b- E] C U If 


Then 


b - a - £ < 


m °° °° 

2-«/)+*■ 


1=1 


j=1 


1=1 


or p(£) < S p^.) + 2 e 
i=i 

Since £ > 0 is arbitrary we obtain 

oo 

p (E) < 2 p(E,) 

1 = 1 

From (3.21) and (3.22) we get 

oo 

n(£) = 2 

1 = 1 

Hence the set function p defined on $ is countably additive. 


(3-22) 


Lebesgue Outer Measure. 


Let t- be the ring generated by the semiring IP. By Theorem 3.6, 
there exists a unique extension of p to a measure on the ring We also 
denote this extension by p. 

Let WCX) be the hereditaty cr-ring generated by the ring H. We can 
verify that V.- Clearly ^consists of all subsets of the real line. Define 

the set function p* on V. as fllows. 

Let E e ft. Then 


AE) = inf 


£ n(£,.); £; 6 K and £ c u ,"i £, } 

l/=l 


By Theorem 3.7, p* is an outer measure on ft and 
E e H. 


p*(E) = p(£) for all 
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The outer measure p* thus defined is called Lebesgue outer measure „„ 

,he S'('5' be any sequence of sets in *. For each t, we can write 


E, = u A hj 


rii 


where /„ e#>and l,j n I ik for j * * Also - X H(^)- 

J 


oo 




So 


X 11(£,) = I I M(V 

i=l /=! ;=1 


We can arrange the sets 

hi (/ =1 > 2 ."i : 1 = lj 2> 3 ’ 

in the form of a sequence as 


Then 


and 


/j, 4* 4’ ••••» 4. 


OO 


oo 


x n(E i )=Zn(l i ) 

i=l i'=l 

From it follows that for #, 


ju*(£) = inf 


Xp(£/): E t e Pand E CU /=i ^ j 
U=l 


Lebesgue Measure and Lebesgue Measurable sets. 


Denote by J the class of all ^-measurable sets in the hereditary O’—ring 
#and letJI(£) = p*(£)_for EeJ. Then by Theorems 3.10,3.11 and 3.12 we 
see that ^is a o- ring, jj. is a complete measure on JandJ(K) c I. Further 
p is a-fmite. 

The measure p is called the Lebesgue Measure on the real line and a 
subset E of the real line is said to be Lebesgue Measurable if E eJ . 

Note 3.1. Let a and b be any two real numbers with a < b. Choose any 
decreasing sequence { a n } in (a, b) with lim a n - a. Then clearly {a, b) 


=u,~, k b y A,s ° [«. b] =n„r. 


a,b + — . This gives that J (%) contains 

Hi ^ 


all finite open and closed intervals. We can verify that the sets 

a ‘ ' a ' E), oo. (- oo. oo) all belona to J(%) 
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So all open and closed sets belong to d ( H ). Hence open and closed set are 
Lebesgue measurable. 

Theorem 3.15. Let E e A and jix (E) < + <» Then for any 8 > 0, There is 
an open set G D E and a closed set F c E such that 

M- (G) < |la (E) + e and \x (E) > jl (E) - 8. 

Proof : (I) Let and p, (E) < + oo Choose any e > 0. There is a 

sequence {/,•} of sets in 5* such that 


E C U ,”i h ^ ^ < + T e 

1 1 i=i £ 

Let /, = [dp b .) (/ = 1, 2, 3, 

f 

Write A ; = 


a i - X, • b , (/= 1,2,3, ....) 
^ / 2 y 


and G = (J ,~i A t -. 


Then 


(J /,. c G and 


(3-23) 


ji(G)< In(M = ShW+tS 

i=l i=l 2 

or ji (G) < jl (£) + e. [By (3-23)] 

(II) Suppose that E is bounded. Choose any e > 0. Denote by a and b 
the gib and lub of the set E. Now choose real number a and (3 in E with a 


< a < (3 < b such that 


1 « 1 
a - a < — £ and b - p < — e. 

4 4 

Write 

Ej = [a, a) n E, E 2 = [a, p] n E, E 3 = (P, 6] n E. 

Then 

E = EjU E 2 u E 3 and 


_ _ _ 1 

p(£) =,fi(E 1 )+ p(£ 2 ) + ^ (^3) < H(E 2 ) + 2 E - 

Let 

A = [a, 1 P] \ E 2 = (a, P) \ E 2 (v a, p e E 2 ). 

By case I, 

there is an open set G c (a, p) such that 


1 

A c G and p (G) < p (A) + - e. 

Let F = [a,P]\G. Then F is a closed set and 
' FuG = Au£ 2 ' 

Since A c,G, fc£,c E. 
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So jx (f) + fi (G) = 

or jj (F) = g (£ 2 ) + t* (A) " * (G) 

(HI) Suppose tha^set® is unbounded. Choose any s > 0. For 

positive integer n, let 

E„ = (-«, n) n E. 

Then E { a E 2 d E 3 c ... and lim E n - 
We can find the positive integer N such that 

1 

\i(E N )>\i(E)--£. 

By case II, there is a closed set F d E N c E such that 
H (F)>ti(E„)- te>p(£)-£- 


each 


This completes the proof of the theorem. 

Note 3.2. From above discussion we see that Lebesgue measure is an 
extension of length of an interval to the class of all measurable subsets 

of Q. 

Note 3.3. Let E be a subset of the real line Q and T: Q -» £2 be defined 
by 

T(x) = ax + |3, 

where a and (3 are real numbers and a * 0. Let T(E) = {T(x): x e£}. It 
is easy to verify that set T(E) is Lebesgue measurable if and only if E is so 
and p (T(E)) = | a | p (£). 


Lebesgue-Stielties Measure on the real line. 


Let Q denote the set of all real numbers and let w : £2 —> Q. be a non¬ 
constant increasing function continuous on the left. Denote by ^the class 
of all sets of the form [a, b), where a and b are real numbers with a < b. Then 
^is a semiring. We define the set function jli on ^by p {[a, b )) = w(b)-w(a). 
Clearly p is non-negative, increasing and p(<j>) = 0. 

Lemma 3.1. Let / = [a, b) and /• = [ a ( = bj) (i = 1, 2). 

If / c /,u / 2 , then p(/) < p (/,) + p (/ 2 ). 

Proof: Suppose that / c /, u / 2 . We may take /| n / 2 * <1>. Without loss 
of generality we may take a { < a < a 2 < b l < b < b 2 . 

Since w is increasing we hatfe 


w(b) - w(a) < w(b 2 ) - \v( a ) 

= {w(b 2 ) - w(ti 2 )) + \w'(aj\-w(a 


)} 
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or |Ll(/j < \x (/,) + fi(/ 2 ) 

Lemma 3.2. Let / = [a, b) and l j = [ a ., b } ) (/ = 1, 2. n). 

If 1 c /, u l 2 u .... u 7 n , Then 

fi(7) < p. (/j) + ji, (/ 2 ) + — + pi ( I n ). 

proof: Suppose that / c /| u / 2 u ... u I n . Without loss of generality we 
may suppose that the end points of the intervals /j, / 2 ,..., I n are in ascending 
order. Then clearly 

U| < a < a ? < b, < a 3 < fc 2 < « 4 < fc 3 < .... < <*><*,„. 

Since w is increasing we have 

n 

S {wiby wfcij)} 

j=1 ' 


/i-l 

= .X {wfb^ - + {w(b n ) - w(a tl )} 


n -1 

> X {wfc[ t . +1 ) - wfa n )} 

= {wf« n J - wfflj)} + { w(b n .) - w(a n )} 

= Mb n ) - w (aj)} 

> w(b) - wfaj. 


n 

So fx(f) < I p. (/.). 

1 = 1 

Theorem 3.16. The set function ft defined on ^ is countably additive. 
Proof: Let {E f } be a sequence of pairwise disjoint sets in ^with 


u 


1=1 



E e$>. 


Write E = fab) and E t = [a^) (i = 1, 2, 3, ....). 

Let n be any positive integer. We consider the sets E t , E 2 ,..., E n . We may 

suppose that E { , E 2 . E n are in the order of increasing end points. Since 

u E 2 u ... u E n d E, we have 
a < a x < b { < a 2 < b 2 < .... <a n < b n <b. 

So w(a) < w(a { ) < w(b { ) < w(a 2 ) < w(b 2 ) < w(a 3 ) < .... 


We have 


< w( a n ) < w(b n ) < w(a). 


integration—5 
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n -1 

= E [w(bi) - w(af)}+{\v(b n ) - wfaj) 

i=l 
/!-1 

< E { w(a i+l ) - w(aj)}+Mb„) - w(a n )} 

/=1 

= |w - w(a,))+MV - w(a„n 
= (w(6 n ) - w(fl|))< (w(2>j - 

n 

So X n(£; < (i (£■). 

1=1 

This gives that 


oo 

E n(E.) < p (£) ... - (3-24) 

N 

To prove the reverse inequality we proceed as follows. 

Let E be any positive number. 

Choose points P, (Xj, a^, a 3 ,. 

with a < P < b and a,- < (i = 1,2,3, ....) such that 

E 

w(b)-w( P) < E and wfaj) - w( a j) < TT (* ~ 1»2,3, ....). 

Write A- = (tx f> b ( ) and ^"= {A ; .: i = 1,2,3,...}. 

Then F"is an open cover of the closed interval [a, P]. By Heine-Borel 
Theorem there is a positive integer n such that 

[a. Pi cU, "i A, <= U,=! [“,> P,-)- 

So by Lemma 3-2, 


or 

or 


or 


H([«,P))< Z n([a/P,.)) 

n 

w(p; - w(a) < E {w(pj - wfa.}} 

/=1 

\w(b) - w(a) - {w(b) - w|P)} 


n 


n 



n oo 

(i(£) < X n(£.) + 2e < X n(£,.) + 2e. 
1=1 ;=| ' 
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Since e > 0 is arbitrary, wegel 

oo 

P(£) ^ ^ M(E,) ... ... (3-25) 

From (3.24) and (3-25) we obtain 

oo 

H(E) = 2 H(£,). 

/=1 

Hence [i is countably additive. 

Lebesgue-Stieltjes Outer Measure. 

Let K= and ft = ft (R). 

By Theorem 3.6 there exists a unique measure p on the ring ft such that 
P (E) = P(E) for all E in jp. We write p in place of p. 

For any set E in ft, we define 

* 

oo 

p* (E) = inf < £p (£,•): 6 * and £ cU“i £;}. 

.i=l J 

By Theorem 3-7, p* is an outer measare on ft and p*(E) =p (£) for all 
Eeft. 

This outer measure p* is called the Lebesgue-stielties Outer Measure on 
Q generated by the function w. 

As in the case of Lebesgue outer measure we see that for E in ft, 

p*(£) = inf jxp (/.): I- E P and E c (J /;}. 

In this case also d (ft) c where ^ is the class of all p*- measurable 

sets in ft. If p is the restriction of p* on J, then p is a complete o-finite 
measure on /6 . 

p is called Lebesque-stieltjes Measure on Q. A subset E of Q is said to 
be Lebesgue-stieltjes measurable if E ej. 

Theorem 3*17. Let E G,Jand p ( E ) < + «>. Then for every E > 0, there 
is an open set G D E and a closed set F c E such that 

M- (G) < p (£) + e and p (F) > p (F) - e. 

The Proof is analogous to that of Theorem 3.15. 

Theorem 3*18. Let pdenote the Lebesgue measure or Lebesgue-Stieltjes 
measure on the real line Q. If A is any subset of £2, then there is a measurable 
set E 3 A such that p*(A) = p*(£). 
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Proof: Let A be any sub.se, of £2. For every positive integer n, ,here i 
an open sel G n D A such that 

I 

u (GJ < P* (A) + -• 


is 


We may suppose that 

G| id G2 ^ ^3 

Let £ = f| #j “ G„. Then £ is measurable, £ z> and 

p(£) < p* (A) + ~ (w = 1,2,3,....). 

This gives that 

p(£) < p*(A) - ••• ( 3 -26) 

Again, A c £. S 0 

p*(A) < p (£) (3.27) 

From (3-26) and (3-27) we get 
p(£) = p*(A). 

Note 3-4. The set £ obtained in Theorem 3-18 is called a measurable cover 
of the set A. 

Theorem 3-19. Let p denote the Lebesgue measure or Lebesgue-Stieltjes 
measure on the real line £2. If {A n } is any increasing sequence of sets of real 


numbers and A = (J A n > Then 


lim 

n—>°° 


P \A n ) = p*(A). 


Proof: Since A n <z A for all n, we have 

P*(A„) ^ V* (A) ... ... ... 

There is a measurable set E n D A ;J such that p(£ w ) = p* (A ;J ). 


Write B = n ,“ E, 

Then each B n is measurable and 

c B 2 c £3 c •••• ; and A n c B n c £„. 


Let B = |J i=i Bp Then B is measurable. 
By Theorem 3.4, 


lim 


= p(B) 


(328) 


Also p*(A„) < p (B„) < p(£ n ) = p*(yi n ). 
This gives that 



Therefore 


MEASURES AND outer measures 

= H*(A„). 


61 


l ini 

//—>oo 


^X> = 4 (B) 


Since B n D A n for all n we have B u A. 
So 4 (B) > 4 * (A). 

From (3.28), (3.29) and (3.30) we obtain 


(3.29) 

(3.30) 


lim 4*(A„) = n*(A). 




Corollary 3.19.1. Let 4 be as in Theorem 3.19. If (A„) is an increasing 
sequence of sets, A = \J A„ and B is any set, then 


l,m 4*(A„ n B) = n*(A o B). 




Theorem 3.20. Let 4 be a measure on the real line Q such that every finite 

interval / ,s 4 -measurable and m < + ». Then the measure 4 is the Lebesgue- 

stiel jes measure on £2 generated by an increasing function w continuous on 
the left such that 


ft (Ia b )] = w (b) - 

where a and b are real numbers with a < b. 

Proof: Let us define the function w: £1 Q as follows. 
For any real number x, 

™(x) = ft ([ 0 , x)] if jc > 0 , 

= - ft (U 0 )) if jc < 0 . 

Clearly w(x) is finite for each x eQ and w( 0 ) = 0 . 

Let a and b be any two real numbers with a < b. 

(i) Suppose that 0 < a < b. 

We have [0, b) = [ 0 , a) u [a, b ). 

So ft ([ 0 , b )) = jn([ 0 , a)) + n ([ a , b)) 

°r w(b) = w(a) + p, ([a, b )) 

or ft(k b )) = jj,(b) - w(a). 

(») Let a < b < 0. 

We have [ a , 0 ) = [a, b ) u (b, 0 ) 

So ft ([a, 0 )) = |u([a, b )) + |Li([b, 0 )) 

or -w(a) = i x([a, b)) - w(b) 

or ft(«, b)) = w(b) - w(a). 
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integration 


(iii) Lastly lei« < 0 < h. 

We have [a, b) = [a. 0) U [0, b). 

So b )) = ^([0. °» + ^°’ 

= w(b) - w(a). 

From above we see that w(b) ^ w(u). 


So w is increasing. 

Take a strictly increasing sequence {a n } with / _^ oo a n 


Write E = [a, b) and E n = [a n , b) (n -1, 2, 3,...). 
Then £, =) E 2 3 E 3 D — and lim E n = £. 

So n(£) = n(£„). 


or - w(a) = {w(Z?) - w(a )) 

n —> 

or w(< 2 ) = lim w (a n ) 

Since w(a-) exists w(a n ) —» w(a-). 

From (3.31) we have ' 

w(a) = w(a-). 

This completes the proof. 



CHAPTER—IV 

MEASURABLE FUNCTIONS 


Let X be o non-empty set and d be a a- ring of subsets of X such that 
X td- Then the pair (X, d) is called a measurable space. A subset £ of X is 
said to be measurable (d) or simply measurable if and only if Etzd. 

Let ( Xd ) be a measusable space and p be a measure on d. Then the triplet 
(X, d,V) is called a measure space. The measure space (X, d,y) is called finite 
or o-finite or complete according as p is finite or a-finite or complete. 

Definition 4.1. Let (X, d) be a measurable space. A function/: X — 
(extended real number system) is said to be measurable (d) or simpley meas¬ 
urable if the set (x : f(x) > a}is measurable for every real number a. 

Let £ be a subset of X. A function/: £ —» Q* is said to be measurable 
on the set £ if £ is measurable and the set E(f >a) ={ jc : x e£ and f(x)>a} 
is measurable for every real number a. 

Theorem 4.1. Let £ = ^ k E k (countable union) and let/: £ —> Q*. If/ 
is measurable on E k for each k, then / is measurable on £. 

Proof: Let a be any real number. We have 
E(f>a) = u k E k (f> a). 

Since/is measurable on E k , the set E k as well as the set E k (f> a) are 
measurable. So the set £ and £ (/> a) are measurable. Hence /is measurable 
on £. 

Theorem 4.2. Let £ be a measurable set and/: £ —» Q*. If for every real 
number a one of the sets 

(i) E(f> a) (ii) £ (/> a) (iii) E(f<a) (iii) £(/< a) (iv) E(f< a) is measurable, 
then so are other three. 

Proof: Let a be any real number. 

(i) Suppose that the set £ (f > r) is measurable for every real number r. 
Since £(/< a) - EXE (f> a), it follows that £(/< a) is measurable. 

T 1 

Let E n - E(f > a- ) (n = 1, 2, 3,...). Then each E n is measurable. We 
ha*e 


E(f>a) =n“|E„ 

So £(/> a) is measurable. 

Since E(f < a) = E\E (f> a), the set E(f < a) is measurable. 
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(ii) Suppose that E(f> a) is measurable tor every real numbei a. 

Since E(f < a) = E\E(f> a), E(f < a) is measurable. 

Let E = E(f < a + —) (n = 1, 2, 3, ...). 

w . 

We have E(f < a) = f)~=l E « 

So E(f < a) is measurable. 

Since E(f > a) = E \ E (f< a), E (f > a) is measuble. 

The cases (iii) and (iv) may be similarly treated. 

Theorem 4.3. Iff : E Q* is measurable on E and k 0) be any real 

number, the functions (i )f+k (ii) kf{ iii) |/| (iv)/ 2 are measurable on E. 

Proof: Let a be any real number. We have 

(i) E(f + k > a) = E (f > a - k), 

(ii ) E(kf>a) = E(f> p\fk>0 

= E(f< j) if k < 0, 

rC 

(iii) E(\f\ > a) = E (f > a) \J E(f < - a) if a > 0, 

= E if a < 0. 

(iv) E(f 2 >a) = E(f > ^)uE(f<-^)\fa>0. 

= E if a < 0. 

From above considerations it follows that the functions f+k,kf |/| and 
f 2 are measurable on E. 

Theorem 4.4. If the functions / and g are measurable on E, then the 
functions (i )f- g (ii )/+ g and (iii)/? are measurable on E. 

Proof : We prove the theorem by the following steps. 

(I) We enumerate the rational numbers as follows : r { , r 2 , r 3 , r n , .... 
Since f and g are measurable on E, the sets E(f > r n ) and E(g < r n ) are 
measurable.for every n. Hence the set 

-4 = 1) n Zi E(f > r„) £ (g < r n ) 

is measurable. We can verify that 

E(f > g) = A. 

This gives that the set E(f > g) is measarable. 

(II) Let a be any real member. Then the function g + a is measurable on 
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By ca se (1). the set E(f >g + u) = E(f- g > «) is measurable. Hence the 
function/ - g is measurable. 

(Ill) We have 

/+ g =/-(-s) 

and/g = 

Since g is measurable, -g = (-1) S is measurabe and by case (II), 
f _/—{?) = f + q is measusable on E. 

Since/+ g and/- g are measurable on E, from second identity we see 

tha X^,, is a sequence of functions measurable on the set E, 
then each of the following four functions is measurable on t. 

h(x) = sup [f n (x) : n = 1, 2, 3, ...}, 
g(x) = inf {/„ (*) •' n - 1* 2’ 3, ■■•}> 

/*« = l JZ su p wv). 

/.w = in f {f '‘ (x>] - 

Proof: (I) Let a be any real number. We can verify that 
E(h > a) = U l 

This gives that h is measurable on E. 

(II) Let a be any real number. 

We have 

E(g < a) = U £ C/» < a) - 

So the function g is measurable on E. 

(III) Let h k (x) = Sup l fjx): n = k, k + l,k + 2, ...) 

and g k (x) = in f\f„(x): n - k, k +1, k + 2. ). 

Then fix) = W {h„(x) ■'» = 1,2,3,.), 

/.fjcJ = sup (g„(x) 2, 3, ...), 

By cases a) and (II) the functions h and g„ are measurable on £; and 

by the same cases the functions/' and/, are measurable on £ 

~ II A c i Tf ( f 1 is a sequence of functions measurable on the set 

Since /„(*) —> /W at eac ^ * 
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Sup Ujx) | = in/l/„WI =/(*)■ 

n-+°° ” 

Sof* =/*=/• Hence/is measurable on the set £. 

Definition 4.2. Let £ be a measurable set. d function /: £ -> Q is said 

to be simple if £ can be expressed as 

(i) £ = £, u E 2 u - u £„■ 

where £,, £ 2 ., £„ are measurable 

(ii) £,. n £,• = <t> for / *./ 

(iii) /(x) = Cj for x g£,- (i = 1. 2 > - 

where Cj, C 2 , ..., C n are constants. 

From difinition it follows that a simple function is measurable. 
Theorem 4.6. Let/.* £ Q* be non-negative and measurable on £. Then 
there is an increasing sequence {/„} of simple functions such that 
Z/jt) -> /(x) for each x e £. 

Proof: For each positive integer n, we define the function f n on E as 


follows. 



i-l /-I 

2« 2" < 2 M 


(i = 1, 2, 3, .... n. 2") 


= n if /(x) > n. 

Clearly each f n is a simple function. 

(I) We now show that {/,} is an increasing sequence. 
Let x e£ and n be a positive integer 
(a) First suppose that 0 < f(x) < n. 

Then 

i-l i 

2n -f( x ) < 2 n 
for some /, 1 < i < n. 2 n . 
and 

j~ l „ J 

2«+i — ^ 

for some / 1< j <(n + 1). 2 n+1 . 
i-l j -1 

So //,W= 2" and / n+ |W= 


(4.1) 


(4.2) 
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From (4.1) and (4.2) we have 


/-I j 
-< 


2 " 


/»+! 


or 2/ -2 <j => 2/ - 2 <;' -1. 
So 


LI s izI 
2'* 2 /,+I 1 
that is, /,/*) </„ +1 (*). 

(b) Let n <f(x) < (n+1). 

Then for some j [1< j < (n + 1). 2" +1 ], 

ill ; 

2«+l — f( x ) ^ 2 ,1+1 ‘ 


\ 


» • 

J 

So n < 2 „+i or n. 2 ,l+f <y 
or n. 2 n+1 < (/-l). 


We have f n (x)=n and /„+iW 


;-i 

2" +l 


From above we have 

/„w ^/„ + i (*) 

(c) Let f(x) >n + 1. Then 

f n (x) = n and f n+{ (x) = (/i +1). 

So f n M </„+ iW- 

(II) Next, we show that /,/*j f(x) as n -> °° a t each jc e E. 

Let x e E. Suppose that f(x) is finite. 

We can fined a positive integer N such that O <f(x) < N. 


Choose any e > 0. Determine 


positive integer /i Q ( > N) with 2"° > 



Take any n > n 0 . Then 0 < f(x) < n. We have 
i> 1< i < n. 2 n . 


2n ^f(x) < 2" for some 



i-1 



and 


1 

0<f(x) — f n (x) <~ < e. 


*1 
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Hence fjx) J[x) as n -> U JW = + tben./;/.vj = « for all n. 
So f n (x) — ■» + oo as as n —> 

This completes the proof of the theorem. 


Examples 4.1. 

1. Let p denote the Lebesgue or Lebesgue-stieltjes measure on the real line 
Q and E be a measurable subset of £2. If f: E Q is continuous then/is 
measurable on E. 

Solution. Let a be any real numbers. Then the set E (f> a) is open relative 
to the set E. So E (f > a) = E n G, where G is an open set in Q. Hence 
E(f > a ) is measurable. Since this is true for every real number a, the function 
/is measurable on E. 

(2) Let jn be the Lebesgue measure or Lebesgue-stieltjes measure on the 
real line Q. If f: [a, b] —> Q is monotone, then/is measurable on [a, b ]. 

Solution. Since/is monotone on [a, b], it is continuous on [a, b] except 
possiblely a countable set. So /is measurable on [a, b]. 


Theorem 4. 7. (Egorov’s Theorem) 

Let E be a measurable set with p (£)< + «> and {f n ) be a sequence of 
measurable functions finite a.e. on E. If [f n } converges a.e. on E to a finite 
function / then there exists, for each e > 0, a subset A of E such that 

p (E\A) < e and {f n j converges to/uniformly on A. 

Proof: By removing from E, if necessary, a set of measure zero, we may 
suppose that the functions f n are everywhere finite and [f n ] converges to/ 
on E. 

Choose 8 > 0 arbitrarily. We define the sets E { , E 2 , E v ....by 
£„=Dv=“ E(\f v -f\<E). 

Clearly the sets £j, E 2 , E 3 , ... are measurable, £, c E 2 c £ 3 c .... and 

*=u 

We have 


lim 


M( E n ) — ft£ . 


If T) be any positive number, we can find a positive integer N such that 
p (E\E n ) < q for all n > N. 

Thus for each positive integer k, there exists a measurable set C k o E and 
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E J_ 

a positive integer N k such that [i(C k ) < and \fjx) -f(x) \ < 2 * tor all 
x G E\C k when n > N k . 

Write C = U k C k and A = E\C. 

Then EM = C = (J ^ C k . So, 

OO OO g 

H (E\A) <: 2 n(C t ) < 2 TT = e. 

a :=1 k =1 ^ 

Take any positive number a. Choose positive integer k such that 
1 

~T< a. Then 

2 * 

1 

I f n (x) -f(x) \< 2 k < 

for all jc in A whenever n>N k because AczE\C k . Since N k is independent 
of x, it follows that {/„} converges to/on A uniformly. 

Convergence in measure. 

Definition 4.3. Let the functions / /p/ 2 ,/ 3 , be measurable and finite 
a. e. on E. If for every positive number a 

lim p.E (f -f\> a) = 0, 

fl —>00 

then we say that the sequence {/„} converges in measure to/on E. It is 
symbolically written as /„ => / on E. 

Theorem 4.8. Let the functions//,,/ 2 ,/ 3 , ....be measurable and finite a.e. 
on E, where \i(E) is finite. If f n (x) f(x) a.e. on E, then/, =>/on E. 

Proof : UtA 0 = E(\f\ = + °°), A„ = £ (\f n \ = + 00 ) and B = E (f n +f ); 
and Q = (U„=oAi)ufi. Since / /,,/ 2 / 3 , .... are finnite a.e. on E and/,/*) 
->/(*) a.e. on E, we have \i (A„) = 0 (n = 0, 1, 2, ...) and ja(£) = 0, So 
VlQ) = 0. 

Let a be any positive number and let E k (a) = E (| f k -f | > a). 
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R n «*) = u E k (<*)• and M =n„”i R „ < a >- c,ear, y aM lhe sels a 'e 
measurable. Since 

/?,(o) d R 2 (ct) d /? 3 (ct) D ... and \i /?, (ct) is finite, [A/?„(ct) -> We 
now show that M c Q. If jc 0 e E\ Q, then 

where f(x 0 ),f { (x 0 ),f 2 (x 0 ) .are all finite. We can find a positive integer 

n such that 

\f k (x 0 ) -/(VI < a when k ~ n - 

This gives that jt 0 g£^(CT) for all k > n and so * 0 €R n (G). This implies 
that * 0 g M. Thus M c Q and so jlx (M) = 0. Since £„(ct) c R n (ct) and 
pi? ;i (CT) -> p.(M) = 0, \iE n (ct) 0 as n ->°o.Since CT is arbitrary it follows that 
/„=»/ on E. 

Theorem 4.9. If the sequence [f n ) converges in measure to/on E, where 
\x(E) < + oo, then it is possible to select a subsequence {f nf ) of [f n ) such that 
f n/ (x)->f[x) a.e. on E. 

Proof: Let {ct ;| } be a strictly decreasing sequence of positive numbers 

oo 

with lim G n = 0 and X be a convergent series of positive terms. 

n=i 

Since \i E (|/„-/| > ct,) —> 0 as n —» we can find a positive integer 

n, such that 

»E\f ni -f\ £<!,)< Til - 

Again, since |i E( |/„~/| > a 2 ) —t 0 as « —> co we can fined a positive 
integer n 2 (>n,) such that 

^E(\f„ 2 -f\>a 2 )<r\ 2 . 

Continuing the above process we obtain a sequence { n k } (n, < n 2 < ;i 3 
< •••) of positive integers such that 

( \fn k ’/I £ °k> <\tt= 1. 2, 3, ...). 

Le‘ h = (J Zk £ ( I - /I S ct,) and 2=0 R k 

Since /?, D R 2 D R 2 D .... and p, /?, is fimite, 


lim 

k— 


HR t = HQ. 
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Now 


oo 


oo 


\iR k < .2 n E( |/„,-/| > o ( ) < 2 n,. 


Since 2 r|. is convergent, 2 q, -> 0 as k -> Hence u R.-> 0 as it ->« 
and so p Q = 0. 

We show that/ M -> f(x) for x eE/Q. 

Let x EE/Q. Then x EQ which gives that xER k for some positive integer 
/ cq . So 

x EE (\f n - f | > C k ) for all k > k Q . and hence for all k > k Q 

I fn k ( x ) ~fM\ < a k - 

Since <r^ —> 0 as k —>°o, we have 


lim 

k—>°° 


fn k (x) = f(x). 


This completes the proof of the theorem. 

Theorem 4.10. Let the functions/[,/ 2 ,/ 3 ,... be measurable and finite ae. 
on E, where p E < + oo. if for every positive number a. 


lim 

m.n—> oo 


M'£(|/ m -/„|>a) = 0, 


then there is a function / measurable and finite a. e. on £ such that I f 1 
converges in measure to / on E. n 


Proof: By removing from E, if necessary, a set of measure 
suppose that/j,/ 2 ,/ 3 ,.... are all finite on E. 

Let k be any positive integer. Then since 


zero, we may 


lim 

m,n—)oQ 



we can find a positive integer n k such that 




/„ I ^ 2 k ) < 2 * when m ' " > «*•. (4.3) 

We may choose the sequence [n k ] such that n.< < 

Write «*=V*= 1,2,3,.). 
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Then from (4.3) we have 

1 1 

\kE( | g* + | -gfcl ~ 2 k ^ < 2 k ^ ~ . ^.4) 

Let A t =U,”i ^1 St+i - g k I - JT) 


and *4 = f| t r, A t . 

Then A| d A 2 D A 3 D ... and \i A < [i E < + °°. 
So, 


p. A 


lim 


M*- 


We have 


(4.5) 


~ 1 
^k ^ ^ £ ( I 8i +1 - 8i I ^ ^") 


< 




This gives that 


^FT [By (4.4)] 


lim 

k—>oo 


flA t = 0 


and from (4.5) we get jll4 = 0. 

Let x eE\A. Then x iA^ for some positive intger k Q . Since ; 

^*0 = U k=k0 E ( tek+r Ski - ^T). it follows that 


1 

* ££( I g* +r g* | > ) for all k > k Q . that is, 


1 

1 8t+i (*) ~ I < ^F for all k > k Q . 


• •• 




(4.6) 
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Take any two positive integers y, .y with y > * > k () . Then 

Y 

1 

k=s 


I 8 y (x) ~ 8s < x ) I ^ ^ I g k+! W - gjx) | 


< 


l J_1_ 

k=s2 k < 2'~ 1 


This shows that [g k (*)} is convergent. 
Let 


(4.7) 


= It** <*>■ 

Letting y —> °® in (4.7) we get 

i 1 2 

IsW - gjx) I < —. 

Take any n > and fc > k Q . From (4.3) we have 

\fj x > ~fn k < x > I <^T- 

I /„ M - g(x) | < | f„(x) -f„ k \+\g k (x) - gf*> I 



So f„(x) -> gM as n —> t». Thus (/ n ) converges a. e. on £ Therefore, 
by Theorem 4-8, [f n ] converges in measure to g on E. 

Theorem 4.11. Let jx be a stieltjes measure on the real line Q and E be 
a measurable (ji) subset of Q. with p E < + oo. if the function/is measurable 
and finite a. e . on E, then given any pair of positive numbers c, e there is 
a function g continuous on Q such that 

V 

M(|/-*l >a)<e. 

Proof : (I) We first suppose that / is bounded on the set E. Let A and B 
denote respectively the gib and lub of / on E. Take any subdivision 

A =yo < yi < yi < •••• < y n = B 

of [A, B] with max (y. -y-_ j) < a. 

Integration—6 
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Write 

Ef = E(y < f<y\ ) O' = ] ’ 2 ’ /I_1) 

and F„ = ^„_i _ 

Then the sets F,, F 2 , F„ are measurable and E - E { <J E 2 - 
E‘ nEj = $ for i * y. 

E 

For each i we choose a closed set F i c E f with \i(Ej^ ,) < n 


U £ ; 


Write F = Fj u F 2 u ... u F n . 

Then F is bounded, closed and E\F c U;=i ^7^^' 

Let [e, be the smallest closed interval containing the set K Then c,d 
eF. Write G = [c,d]\F.=(c, d )\F Then G is an open set. We can write G 

as 

G = u r - (flj fy), where the intervals (a jr b t ) are pairwise disjoint. 

We now define the function g on Q as follows. 
g(x) — yj if x eF { (i — 1, 2, ..., it) 


= gfai) + 


X~dj 
b t -cii 


\g(bi) - g ( fl ,)] if x e ( a i> bj) (i — 1>2, ....) 


= g(c) if * < c 
= g(d) if x > d. 

Clearly g is continuous at each point of the set G U (- c) u {d, ®°). 
If a €F then a EF i for some i. Since the sets F v F 2 , ... F n are pairwise 
disjoint there is an r\ > 0 such that F n (a-X), a + ti ) = F • n (a-T], a + n)- 
If a is an isolated point of F on the right, then a = cij for some;'. This gives 
that g is continuous on the right at a. If a is a limit point of F on the right, 
then either (a, a + 8) c F j for some 8 (0 < 8 < ri) or a is a limit point of the 

set [a v b v a 2 , b 2 , .} on the right. In both cases g(x) - y i for all x in (a,a+8) 

for some'8 (0 < 8 < T]). Hence g is continuous at a on the right. Similarly we 
can show that g is continnous at a on the left. So g is continuous at a. 
Further A < g(x) ^ B for all x E SI. 

If x EF, Then x EF f for some i. 

So y \_j <f(x) < y { which gives that \f(x) - gfo)|< a. Therefore, 

E( \ f - g \ > a) c E\F 

So n E( \f-g | > a) < e. 
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(II) Suppose that /is not bounded on E. Write E 0 = E (|/| = + «>), 

E k = E (0 < |/|< k). ( k = 1, 2, 3, ...). Then the sets E Q , E { , E 2 , £ 3 , .... are 

measurable £ ( c £ 2 c £ 3 c .... and (j E k = £\E 0 ; and p(£ 0 ) = 0. We 
can choose « positive integer k such that 

\i(E\E k )< ^e. 

By case (I), we can determine a function g continuous on £2 such that 
V-E k (\f-g\>o)< 

Now * 

£f|/- g | > c) c E k (|/- g | > O) U (E\£y. 

So p, E(\f- g | > o) £ p (|/- g | £ o) + p (E/E k ) < E. 

This completes the proof of the theorem. 

Theorem 4.12. Let p be the Lebesgue or Lebesgue-Stieltjes measure on 
the real line £2 and E be a measurable (p) subset of £2 with p(E) < + oo If/ 
is measurable and finite a. e. on E, then there exists a sequence {f n ) of 
functions continuous on £2 such that/ n (jc) f(x) a. e. on E. 

Proof: Let {a n } and {z n } be two strictly decreasing sequences of positive 
numbers with lim a n = 0 and time e n = 0. 

For each pair c n , t n there is a function g n continuous on £2 such that 

H m I/- g„ I £ <j„) < e„. 

Choose any positive number a. There is a positive integer n 0 such that 
O n < o when n > n Q . 

Take any n > n Q . Then 

I f(x) - gjx) | s o implies | fix) - g n (x) | > o„. 
which gives that 

£f|/-g„|>a)c£(|/- g J>a„). 

Sa I xE( |/- g n | > a) < e n for all n > n 0 . 

li£(|/-«J>a) = 0. 

n—t°° 

Hence the sequence {g„) converges in measure to/on E. So by Thedrem 
4.8, There is a subsequence {g^} such that 

g n .(x) -» f(x) a.e. on E. 

This proves the theorem. 

Theorem 4.13. Let p denote the Lebesgue or Lebesgue-Stieltjes measure 
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on the real line Q and let f: E —> Q* be measurable and linite a.e. on 
E (zQ with jli E < + oo. Then for e > 0 there is a measurable set A cz E with 
fj. (E\A) < 8 such that/is continuous on A relative to the set A. 

Proof: By Theorem 4.12 there is a sequence {/„} of functions continuous 
on Q such that f n (x) —> f(x) a.e. on E. Choose any e > 0. By Egoroff’s 
Theorem there is a measurable subset A of E with p.(£\A) < £ such that [f n ] 
converges uniformly to / on the set A. 

We now show that / is continuous on A relative to the set A. 

Let T] be any positive number.Then there is a positive integer N such that 
for all x in A, 

1 

I f n (x) -f[x) | < -Ti when n > N. 

Take any point a in A. The function f N is continuous at a. So there is 
a 8 > 0 such that 

I fj/x) -f// a )\< for all x in (a - 5, a + 8 ). 

Let x e A n (a — 8, a + 5). We have 

I fix) -f(a) | < | fix) -f N (x)\ + \f N (x) -frfa)] + | frf a) - /fa) | 

1 1 1 
< 3B + 3 B + 3 B = B- 

Hence/is continuous at a relative to the set A. Since a is arbitrary, / is 
continuoues on A relative to A. 



CHAPTER—V 

lebesgue integral of bounded functions 


Let (X, /&, p.) be a measure space and let Etd with \x E < + Suppose 
that /: E —> £2 be a bounded function, where £2 denotes the set of all real 
numbers. A family P = fE { , £ 2 , ..., E n ) of subsets of E is said to be a 
measurable partition of E if following conditions hold. 

(i) Ej ej (i = 1, 2(ji) £. n Ej = <j) for i ± j (iii) £ = £jU ...u £ w . 

A measurable partition Q ={£p £ 2 ,.-, F m ) of £ is said to be a refinement 
of P if each F i c Ej for some j and we write Q > P or P < Q. From definition 
it follows that a refinement Q of P is obtained from P by partitioning each 
component of P into several components. We denote by A E the collection of 
all measurable partitions of £. We can verify the following. 

(a) P > P for every P e A E . 

(b) If P, Q, R are in A E , then P < Q and Q < R imply that P < R. 

(c) If P, Q are in A^ then there is an element R in A £ with R > P and 
R>Q. 

From above we see that (A p >) is a directed set. 

Take any measurable partition P - [E v £ 2 ,..., E n ) of £. Denote by A i and 
B i the gib and lub respectively of / on £ ; , Now form the sums 

n n 

Sp(f) = 2 A. n(£.) and Sp(f) = 2 B, \L(EX 

Sp(f) and Sp(f) are called lower and upper Lebesgue sums of / for the 
partition P. 

We have 

A \i(E) < Sp (f) < S p (f) < B n (E) . (51)> 

where A and B denote respectively the gib and lub of/ on E. Consider 
the nets 

{sp(f): P eA e ) and {S p (f): P e A £ }. 

From (5.1) we see that they are bounded. 

^ L = lub [SjJ(f): P gA e }, 

U = inf { Sp(f) : PeA e ). 

The numbers L and U are called the lower and upper Lebesgue integrals 
lespectively of/ on £. If L = U = / (say), then we say that/is integrate in 

ebesgue sense or integrable (L) or simply integrate on £ and write 

/ = (L)\ E fd\x or / =\ F fd\i. 
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Lemma 5.1. Let P and Q be two measurable partitions of E with P<Q 
Then 


s p (j) < s n (f) and S p (f) > S 0 (J,l . . .. ; 

Proof: &P = { eX . %). Since « fl it Allows that ^ 

from P by partitioning one or more components of P into severe . 

For simplicity we suppose that Q is obtained from P by P ar *J l 

into p components E j 2 ,..., E p . Thus Q = {^i» ^ P 2’ 3’ ” n » 

where 


= E[ u u ... U £f ; £j-; n £f = <t> for r * s. 
Let A k { - in f[f(x) : x eEf}, 

Bf = sup [f(x) : x €£*}. 

Since E { k <zE { ,A\>A { and B? < B h 


We have 



> £ A l p(E l k )+ ZAitfEi) 

k =1 i=2 

= A t n(E,)+ S A i p( £ i ) = s p(f >. 

k=2 

SAf) = tst^+iBoKE,) 

Q 4=1 /=2 


< i H,n(4*)+ £fi, p(EJ 

4=1 1=2 

1=2 

This proves the Lemma. 

From Lemma 5.1, we see that the net [s p (f): P <= A £ ) is increasing and the 
net {Spff): P eAE) is decreasing ; also they are bounded. Hence each of 
them is convergent. We have 


h ”' l'r<f): P e A £ } = lub : Pe A £ ) = L 
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and h ™ (V/l: P eA £ ) = inf ( Sp (/); Pe A B ) = a 

Lemma 5.2. L < u. 

Since Sp(f) < Sp(f) for all P e A £ , taking limit we obtain 
L<U. 

Lemma 5.3. Let P and Q be any two elements in A^ Then 
s p(f) ^ S Q (f) and SQ ff) < Sp(f). 

Since s^f) <L<U< S Q (f) and 

SQ(f)<L<U<Sp(f) 
the result follows. 

Theorem 5.1. Let/: E —> Q be bounded on the measurable set E with 
E < + Then a necessary and sufficiunt condition for integrability of 
/ on E is that for any £ > 0 there exists a measurable partition P of E 
such that 

Sp(f) — s p(f) < £• 

Proof. First we suppose that / is integrable on E. Then 

L = U - j E fd\i=zl (say). 

Choose any e > 0. There are measurable partitions P 
with 

S P X ( f )> 1 ~—£ and Sp 2 ( f)< ^ + 

Now Choose a measurable partition P of E with P > P 
s P{ (f)<s P (f)<S P (f)<S Pl (f) 

From (5.2) and (5.3) we get 

l ~\ z< s pff> ~ S p(f> < 1 + \ z - 

So S p (f) - Sp(f) < £. . (5.4) 

Next, suppose that the given condition holds. Choose any E > 0. There 
is a measurable partition P of E satisfying the condition (5.4). Now 

Sp (f)<L<U< S p (f) . . ( 5. 5) 

From (5.4) and (5.5) we get 

0 < U - L < e . 

on £ ^ £ > ° ‘ S arbitrary il fol,ows that L = U- So the function/is integrable 


and P 2 of E 

(5.2) 

and P > P 2 . Then 

(5.3) 
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Corollary 5.1. Let the function / be integrable on the set E and F be Q 
measurable subset of E. Then / is integrable on F. 

Theorem 5.2. Let E be a measurable set with \xE < + °°- If/; E —> q j s 
bounded and measurable on E, then / is integrable on E. 

Proof: Let A and B be the gib and Iub respectively of/ on E. If A = fl 
then f[x) = A for all xeE. So/is integrable on E. Suppose that A < B. 

Choose any e > 0. Take any subdivision A = )>o < ^ < — y n = B 

of the interval [A, B ] with 

max (y. - y M ) < e/(l+ p E). 

Let E i = E </ < y f .) (/ = 1,2, n -1) 

E n = E(y n _y<f<y n ). 

Since/is measurable on E, the sets £j, E 2 , E n are measurable and 
E i n Ej = <|) for i ± j. So P = {E v E 2 , ..., }is a measurable partition of E. 

Let A-= gib {f(x) : x e£.}, 

B ( = lub {f(x ): x eE-} 

Then y J _ 1 < A,- < B i < y i and so 

< y f - y lW < e / (l+ju£). 

We have 

n 

Sp(f)-sp(f) =£(3-A>£/ 

1=1 


l + p£ I=1 


= — • £ < 8 . 


1 + JLlZt 


Hence/is integrable on E ' 

Theorem 5.3. Let/: [a, fc] £2 be bounded. If/integrable on [a, 6] in 
Riemann sense, then it is intgrable on [a, b\ in Lebesgue sense also and the 
two integrals are equal. 

[Here the measure jx is the usual Lebesgue measure on Qj. 

Proof : Suppose that the function f is integrable on [a, b ] in Riemann 
sense and let 


1 - ( R ) \ b a /(x)dx. 

Let D: (a = x 0 < x j < x 2 < ... < x n = b) be any subdivision of [a, b\ . 
Write E = [a, b], 

E i = U,_,, a-,.) (/ = 1,2, .../? - 1) 
and E„ = |a /( _,, a„|. 

Then P = {£,. E 2 , E n ) is a meaurable partition of E. 
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Let 

and 

Then 


So 
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m i = glb\J(x); X { _ y <X< jc ; .}, 

M i = lub ff(x) : x t _ { <x< x t ) 

A i = glb(f(x): x €£,.}, 

< A . < B i < 

£m,( Xj - )<Sp(f )<S P ( f )< £ Mj (x , _ Xji) 


... (5.6) 


Choose any e > 0. Since / is fl-integrable on [a, b] we can choose the 
subdivision D such that 


E( Mi ~ ) (Xj - * M ) < s . (5.7) 

i=l 

From (5.6) and (5.7) we have 

0 <U-L< S p (f) - Sp (f) < e. 

Since £ > 0 is arbitrary, we obtain L = U. So / is integrable on E in 
Lebesgue sense. 

Letting max (x i - x t _ x ) 0 in(5.6) we get 
L - U - 1. 

Hence (L) J £ fd[i =( R)\ b J(x)dx. 

Definition of Lebesgue Integral as the limit of a sum. 

Let £ be a measurable (p) set with \xE < + <*> an d let/: E -> Q be bounded. 
Let P-[E { , E 2 ,..., E n ) be a measurable partition of E. We now form the sum 

<* P (f)= Zf&iMEt) 

1=1 

where e E { (/ = 1 , 2 ,..., n). 

Denote by A and B the gib and lub of /on E. Since A <f(x) < B for xeE, 
we have 


A S Ej )< £ f( )p( E,) 

1=1 /=! /=i 

or A|i(E) < a p (/) < B f.i(£) ... ' .. (5.8) 

Fiom (5.7) we see that the net 

{a,//) ; P £A £ } 


• • • 


(5.9) 
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. „ . ,,, O, converges to a number J( say) irrespective of 

is bounded. If the net ( • we that /is integrable in Lebesg Ue 

the choice of the points ? 2 . -’ Si „ d we write 

sense or integrable (L) or simply mtegrable on t 

J = (Op (f) ■ ^A £ } = ^ ^ ; 


and J is called the integral of / on E. 

We have given two definitions of Lebesgue integral on the set E 
In the next theorem we will show that the two definitions are equivalent. 
Theorem 5.4. Two definitions of Lebesgue integrals of a bounded func¬ 
tion on a measurable (jn) set E with \iE < + 00 are equivalent. 

Proof : Let E be a measurable set with )Lt E < +°° and /: E Q be 
bounded. Suppose that / is integrable on E according to the first defintion. 

Choose any e > 0. Write / = (L) j E fd\x. Then there is a measusable partition 
P Q of E such that for all measurable partitions P of E with P > P Q , 

1 1 

/ — 2 £ < s p(f) — $p(f) f **" 2 ® ••• ••• (5.10) 

Choose any points ^ &E- (i = 1, 2, ..., n). Then clearly 


s p(f) — (£/) \M^i) — Sp(f) . (5.11) 

From (5.9) and (5.10) we get 

| Op(f) - 1\ < e for all P in with P > P Q . 

This gives that the net (o p (f): P eA^.}converges to the number I. So the 
function / is integrable on E according to the second definition. 

Next, suppose that/is integrable on E according to the second definition. 
Write J=(L) \ E fd p. 

Choose any e > 0. Then there is a measurable partition P n of E such that 
for all P in A £ with P > P Q , 0 

I Op(f) -J\< je. 


or 


J 


1 

4 e < V/) < J+ 



( 5 . 12 ) 


Take any measurable partition P - \E F p \ p ( u » ^ p 

S '&XZZ&T' b TheiTwe can'find 
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Write 


and 


f(r\ i )>B i 


4fl + n£) 

E 

4(1 + ilE) 


n 


CT = 2 / ( 


n 


o P "(f) = ; 


1=1 


Using (5.11) and (5.12) we get, 


e|iE e 

°P^ < + 4(+|i£) + 4 


(5.13) 


ejjiE 


°p"(f) > “ 4( 1 + nE) > 4 ’ 


1 

So Sp(f) ^ 2 

1 

and 5^(7) < J + ~e. 

1 1 

Hence e < 5^(/) < S p (/) + —£ ... (5.14) 

and 50 5p(/) - 5(/) < £. 

Therefore the function/is integrable on E according to the first definition. 
From (5.14) we have 

1 1 

J -~E < / < J +“E. 

2 2 

Since e > 0 arbitrary we obtain 

/ = J. 

Theorem 5.5. Let E be a measurable set with n E < + °° and/ g : E -» 
Q be bounded and intgrable on E. Then the following hold. 

(l)AiiE< \ E ,fd \x< B \x E. 
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(2) If jli£ = 0, then \ E jd P = 0. 

(3) If A = B, then 

\ E fd = A. \xE. 

(4) If f(x) > 0 on E, then \ E fd 0. 

(5) =/ £ / rf ^= 'p'w 

(6) If & is any real number, then 

] E (kf )d\x = k\ E .fd li. 

(7 ) f±g are integrable on E and 

S E (f±g)dn= \ E fdV ± Is fen. 

Above results follow immediately from definition. 

Theorem 5.6. Let the function /and g be bounded and integrable on the 
set E. Then fg is integrable on E. 

Proof: Since/and g are bounded on E there is a positive member M such 
that 

| f{x )| < M and | g(x )| < M for all x eE. 

Choose any s > 0. Since/and g are integrable on E there is a measurable 
partition P = {£j, E 2 .. E n ) of E such that 

£ E 

S P (f) - s p (f) < —and Sp(g) - s p (g) < —. 

Let Af, A-', Aj denote respectively the gib of/ g, fg on E- and B' v B-\ Bj 
denote the lub of / g, fg on Ej. 

For any two points x', x" in E, we have 
\flx')g(x') -f(x") g (x")\ 

5 I g(x') I I fix') -fix-) I + I fix") I \g(x') - g(x-) I 
<M{B,'-A{) + (B"-A;-)). 

This implies lhat 

So Spifg) - sp(fg) < M [{ Sp(f) - Sp(f)\+{Sp(g) - 

e e \ 

2 / 1 4 Jm) =£ - 

Hence fg is integrable on E. 
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Theorem 5.7. Let the function / be bounded and integrable on the set E. 
Then | /1 is integrable on E and 

\\ E fdv\<] E \f\d». 

Proof: Choose any e > 0. Since/is integrable on E there is a measurable 
partition P = [E { , E 2 .. of E such that 

Sp(f) ~ s p(f) < e - 

Let A, Af denote the gib of / and | /1 respectively on E i and B it B ■ denote 
the lub of / and | /1 on £ ( , For any x', x" in E- v 


which gives that 


So 5 P (|/|)-^(|/|)<5p(/)<E. 

Hence |/| is integrable on E. 

Again, let P = {E v F 2 , ... ,E n } be any measurable partition of E. 
Since \f(x)\ < 'for all * e£ t , we have 
I B, | < B-. 


S P (f )|= 

1=1 


< 


SI Bi\[i(Ei) 


/=! 


< J J Bl\i(E i ) = S P (\f\) 

i=l 

Now taking limit we obtain. 

Theorem 5.8. Let the function / be bounded and integrable on the set E 
with \iE < + °o. If the set E can be expressed as the union of a countable 
family of pairwise disjoint sets £j, E 2 , Ey .then 

l E fdli = lj E .fdV- 

i 

Proof. (I) First we consider the case when E = E^<J E 2 , where E j, E 2 ate 
measurable and E\ n E ? = <|>. 
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write /j = J£j ft 1L h ~■ J e 2 ^ and ^ 

Choose any e > 0. There is a measurable partition P\ of E\ and a 
measurable partition P 2 of E 2 such that 



h - < Sp 2 (f:E 2 )< Sp 2 ( f:E 2 )< h 

Let P = Pj u F 2 . Then F is a measurable partition of E. We have 
•*/> (/: ^) = J/> 1 (/-‘^ 1 ) + -s/> 2 (/-' Ei) > h + h~ E > 

S P {f: E ) = (/: £j) + (/: £ 2 ) < /j + / 2 + £• 

Since Sp(f: E) < I < S p (f: E) we have 

I { + I 2 - £ < l < Ii + I 2 + e. 

Since 8 > 0 is arbitrary, we obtain 

f = f 1 + h- 

(II) Let E - E^kj E 2 kj ...kj E n , where £j, E 2 , E 3 ,£ n are measurable 
and pairwise disjoint. Using step (/) we can show that 

\gfd X If . .M* 

1=1 1 

(III) Lastly, let E = (J ,_j £,■, where £ 3 ,., E^ .... are measurable 

and pairwise disjoint. Write 


E (n) = E l uE 2 u-KjE n md R n ={J i= ~ +l Ei . 

Then E = Ef n > u /?„ and £", /? n are measurable and disjoint. So by above 
] E f d V = \E (n) fd\i + \ fcl\x 

A l/ 

= ,?/ £ f ^ + k ^ • ... (5.15) 

Denote by A and £ the gib and lub of / on E. Then A < f (x) < B for 
xtR n which gives that 

-‘‘K, < /rfn < fi n . (516) 
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OO QQ 

Since ^ 

*■=1 i - n +1 

and ]iE is finite, it follows that p R n — > 0 as n — » oo. Hence from (5.16) 
we see that 



lim 

n—)°a 


\ Rn fdy.-0 


Combining (5.15) and (5.17) we obtain 


(5.17) 


Corollary 5.8.1. Let the function / be non-negative, bounded and meas¬ 
urable on the set E with p£ < + oo. if j E fd\i = 0, then f(x) = 0 a.e. on E. 

Proof : Denote by B the lub of f on E. We may suppose that B >0. If 
B — 0. Then f[x) — 0 for all x eE and there is nothing to prove. 

Choose a sequence {B n } (B = B { > B 2 > B 3 > •••) with lim B n = 0. Let 

E i^ E ( B i + l<f^B i )(i= 1 , 2 , 3 ,....). 

and E 0 = E (f = 0). 

Then £ 0 , E { , E 2 , £ 3 ,.... are measurable, pairwise disjoint and £ = 11*” E 

. vJ 1=0 i* 

Clearly/is integrable on each E { 

So 


oo 


0 = i E fd^=lj E .fdn=lLf dV i 
This gives that 

k f d V- = 0 (I = 1, 2, 3,...) 


We have 


So 


and hence p 


0= J £ . fd\i > B M \xEi 
\iEf = 0 (i = 1, 2, 3,...) 


f oo ^ 

2 El 
U= I ) 


= 0. 
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It is clear that 

E(f>0)* U/=i Ei 

Since JLl E(f > 0) = 0, f(x) = 0 a.e. on E. 

Corollary. 5.8.2. Let the functions/and g be bounded on the measurable 
set E with )xE < + If fix) = g(x) a.e. on E and /is intgrable on E, then 

g is also integrable on E and J E .fd M- = \ E 8^- 

Proof : Let Ey = E(f — g) and ^ = E/Ey Then So 8 * s integrable 

on E 2 . Since/is integrable on Ey an df(x) = g(x) for all x EEy, g is also 
integrable on Ey. Hence g is integrable on E = E { U E 2 and 

\ E gd\l = Ie, + Ie 2 gdu = Ie, f d V + Ie 2 f d V = kf d V 

Theorem 5.9. Let the function / be bounded and integrable on the set £ 
with \xE < + °°. Then / is measurable on E. 

Proof : We choose a sequence {P n } of measurable partitions 

P - [£ 00 £i00 E r ) } 

r n ‘^1 ’ t r n ' 

of the set E such that 

(i) P n+l > P n and (ii) S P Jf )-spJf)<-. 

Denote by and B ( " * the gib and lub of/on the set E[ n [ We define 
the functions g n and h n on E as follows. 


g B (x) = A ( i*> 
h„(x)=B , " > 


> for x 


e 





Clearly the functions g n and h n are measurable and bounded on E and 
(l)g„<f<h n (2)g„<g n+l (3) h n > / w 


So for each x e E, 


lim 8 n (x) and 

n—>oo 


lim 

II—> oo 


hjx) exist. 


For x e E, let 


lim 


gM X,/ x > and h(x) = lim hjx) 


u —>oo 
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Then g and h. are bounded and measurable on E. From (1) we have 

S„<g<f<h<h n 

So J £ s„4isJ £ gdn<J £ Hi< 

or s Pn (.f)<:\ E gd\l<l E gd[l<S P Jf) 

or 0 <\ E (h-g)d V .<SpJf)-SpJf)<^. 

1 

Letting n -> 00 we obtain, 

\ E (h-g)d\x = 0. 

Since h(x) - g(x) > 0 for all x e E, by corollary 5.8.1., we get h(x)-g(x)=0 
a.e. on E, that is, h(x) = g(x) a.e. on E. Again, since g(x) <f(x) < h(x) for 
all xeE, f(x) = g(x) = h(x) a.e. on E.Hence/ is measurable on E. 

Theorem 5.10. (Lebesgue bounded convergence Theorem) 

Let [f n ] be a sequence of bounded functions measurable on the set E with 
\lE< + 00 and let f n (x) —>/(a) a. e. on E. If there is a positive number k such 
that | f n (x) | < k a. e. on E and / is bounded on E, f is integrable on E and 

J £ \ E fn d »- 

Proof: Let A 0 = E(f n -frf) and A n = E (\f n \>k) (n = 1, .2, 3, ...). Then 
A 0 , A p A 2 , A 3 , .... are measurable and = 0 (n = 0, 1, 2, 3, ...). 

Write A = U n =0 A n and B = E\ A. 

We have p A = 0 and p, B = \iE. 

Clearly / is measurable on E. Also / is bounded on E. So / is integrable 
on E. Let M(> k) be a positive number such that \f(x)\ < M for all a' g E. 

Choose any e > 0. For each n, let 

B n = n v=/» B(\.fv-f\<z)- 

Then the sets B { , B 2 , B 3 .are measurable, B { c B 2 c B 3 c ... and 

U //= i B n . So p B n —> p B as n —> Determine the positive integer N such 
lha l p B n > p B - e. 

Integration— 7 
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Take any nZ N. Then 

j{ £ f„dv- - ! E M = \Ie (fn-f) dt i 
<I £ lf„-fW 

< S.p Zf, v + 2M. M( £ I fy) 

< (juE + 2M). £ 

This gives that 

/ £ -/^M= w _ >00 /£j„4 A . 


Theorem 5.11. Let the functions/ —be real-valued bounded on. 

the closed interval [a, b] and let they be integrable (R) on [a,’b\. If f n (x)~>f( X ) 
for all x € [a, b ] and [f n } is uniformly bounded on [a, b], then 

{R)\ b J( x Mk = ‘™jR)j b f n (x)dx. 

Proof: Let \i denote the usual Lebesgue measure on the real line and let 
E= [a, b]. 

■ . S, "m t ?f/“ nC,i0nS//l ’ / 2- / 3' -■ are * n tegrable (R) on [a, b ], they are 
integrable (L) also on [a, b] and the corresponding integrals are equal By 
Lebesgue bounded convergence Theorem ' ; 


(l) L) I f n dn 


(R)\ b J(x)dx = 


lim 

ft —>oo 


( R )\afn(x)dx. 


or 



CHAPTER—VI 

LEBESGUE INTEGRAL FOR 
NON-NEGATIVE FUNCTION 


Let (X, /4, p.) be a complete measure space and let £ be a measurable 
subset of X and / be a non-negative measurable function on E. We extend 
the definition of Lebesgue Integral of non-negative functions in two stages. 
First we extend to measurable set with finite measure and then to any 
l measarable set. 

(A) Suppose that the measure of the set E is finite. For any positive integer 
N we define the function [f] N on E as follows. 

[f] N (x) = fix) if 0 < f(x) < N, 

= N if f{x) > N. 

v Then [f] N is measurable on the set E and 0 < [ / < N for all x e E. 

Since [f] N (x) < [f] N+l (x) for all xeE, we have 

l E [f lndu<l E [f ] N+i d\i. 

Urn 

This gives that [/ ] N d\i exists which we denote by \ E fd\i and call 

it the Lebesgue Integral of/on E. If \ F fd\i < + oo we say that/is integrable (L) 
or summable on E. 

(B) Next, suppose that the measure of the set E is not finite. Denote by 
the class of all measurable subsets of E with finite measure. 

For e v e 2 in A £ let us define e { < e 2 i fe { c e 2 . It is easy to see that (A E ,<) 
^ is a directed set. For each e in A £ , \ e fd\i is defined. Clearly {f c fd\i: e e A E } 

l* l 

is an increasing net. So \ e fd\i exists which we denote by [ fdu and call 

it the Lebesgue integral of/on E. If J £ fd\i < + oo, we say that/is integrable (L) 
or summable on E. It is clear that 

\ E /4* = sup {J ( , fdfi .ceA £ }. 
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Theorem 6.1. Let / be measurable and nonnegative on E. If A is Q 
measurable subset of E, then 

\ A fdp.<l E fdV-. 

Proof: (I) First suppose that the measure of E is finite. Take any positive 
integer N. Write B = E\ A. Then B is measurable and E = AuB, AnB = ^ 
Since [/] N is bounded, measurable and non-negative on E, we have 

\ E [.f ]N d l i = l A [[f 7^4* +jg// In 4*. 

^.[,4^/7^ 4* • 

Letting we obtain 

J^/4*<J £ /4l 

(II) Now let the measure of E be infinite. Take any measurable subset e 
of A with finite measure. Then e is also a measurable subset of E. So 

Taking supremum over all measurable subsets e of A with finite measure 
we get 

I A ,fd\x < \ E fd\i . 

Theorem 6.2. Let E be a measurable set with \xE = 0. Then any non¬ 
negative function/on E is summable on E and 

\ E fdV = 0 . 

Proof: Let N be any positive integer. Clearly /is measurable on E and so 
[f] N is measurable on E. Since \xE = 0, 

J E [ f 1 n 4 1 = o. 

This is true for every positive integer N. 

So letting N —> we get 

l E .fdV- = 0 . 

Theorem 6.3. Let E be a measurable set with G-finite measure. If/‘is non¬ 
negative and summable on E, then /is finite a.e. on E. 

Proof: (I) We first suppose that the measure of E is finite. Write 
A„ = E(0 </< n) (n= 1,2,3, ...). 

and A - E \ (U„=i A»). 
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Then fix) = + °° for all x e A. 

Since/is measurable on E, the sets A 2 , A„ ... are measurable which 
gives that A is measurable. 

Take any positive integer N. Then 

[/] iJx) = N for all x eA. 

So N.\x(A) =\ A [f]^d\x<j E fd\i < k , where k is some positive number. 

or 0 < p(A) < . 

Letting N -> =» we get p(A) = 0. 

Hence / is finite a.e. on E. 

(II) Now suppose that measure of E is infinite. Since the measure of E is 

a-finite, there is a sequence {£ n } of pairwise disjoint measurable sets such 
that 


£ = U E n and |r(£„) < + =° (n = 1 , 2.). 

For each n, we have 

Je„ /4* ^ l E fdu . 

which gives that/summable on E n . So by case /,/ is finite a.e. on E and 
hence/is finite a.e. on E. n 

Theorem 6.4. Let the functions f and g be non-negative and measurable 
on E. If 

f(x) < g(x) for all x e E, then 
\ E .fd\i<\ E gd\i. 

Proof: (I) First suppose that \iE is finite. Choose any positive integer N. 
Then 

[f] N (x)<[g] N (x) for all x E E. 

Further [f] N and [ g ] N are measurable and bounded on E. So 

\ E [,f ]d\i<l £ lg] N d\i. 

Letting N —> oo we get 

l E fdn<\ E gdil. 

(II) Next, suppose that \iE = + °°. Take any measurable sub set e of E with 
finite measure. Then by case /, 

J e fd\i<\ e gd[i. 
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Taking supremum over all measurable subsets e of E with finite measure 
we get 

Theorem 6.5. Let the function / be non-negative and measurable on the 
set E. 

If = 0 and the measure of E is a-flnite, the /fa) = 0 a.e. on E. 


Proof : (I) First suppose that \jlE is finite. Let A n = E 


V n) 


(n = 1,2,3, 


....) and /4=(Jn=i A„. Clearly the sets Aj, A 2 , A 3 , ... are measurable and so 
A is measurable. 

1 

Since ~ </fa) for all xeA n , we get 

0 < - < L flu * l E flv 5 Ie flv- = o. 

n ” 

This gives that li(A n ) = 0 for n - 1, 2, 3.and so p A = 0. 

since A = E(f> 0), it follows that/fa) = 0 a.e. on E. 

(II) Next, sppose that \iE = + <». Since the measure of E is a-finite, there 

is a sequence {E n } of pairwise disjoint measurable sets such that E = JJ * E n 
and p E n < + °° (n = 1, 2, 3,...). 

Since 0 < fd\i — j£ ./^M 1 = 0, we get 


Je/H = 0 (n = 1, 2, 3, 

By case /, f(x) = 0 a.e. on E n and so/fa) = 0 a.e. on E. 

Theorem 6.6. Let the function f and g be non-negative and measurable 
on the set E. Then 

\ E (f + S)d\i = j E fd\X + \ £ gd\l m 

IJroof. (I) First we suppose that f xE is finite. Take any positive integer N. 
Then 

t / + [ £ ]yy fa) < f(x)+g(x) for x e E. 

So \ E [f JNdH + j E fgJ N dx<j E (f + g)d]i 
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Let N -» 00 we have 

JeM*+J b s4 i;S V./'+sMi. ...(6.1) 

Again for any positive integer N, 

[/ + g]rf x ) ^ + [g]rfx) for x e£ 

So J £ [/+«] N 4i £ J £ [/]jv4i + J £ I g ] N d\i. 

Letting N -» 00 we get 

\ E [ f+sW < J £ fd\i + J £ gd)i . (6.2) 

From (6.1) and (6.2) we obtain 

J E ( f+g) d\i = J £ /d|i + J £ ;4 l 

(II) Afexf, let p £ = + 00 . Take any measurable subset e of E with finite 
measure. By case I, 

U/+s)4* = J,/4i+J c M* 

This gives that 

i E (f + gW = J E fd\i+S E gd\i. 

Theorem 6.8. (Fatou’s Lemma). 

Let [f n ] be a sequence of non-negative functions measurable on the set 
E. If f n (x) -> j\x) a.e. on E, then 

l E fd\i<sup{l E f n d\i}. 

Proof: Clearly the function / is measurable on E. We may suppose that 
f(x) > 0 for all x e E. Let F denote the set of all points x in E such that 
f n (x) ->/(*). Then p (£\ F) = 0. 

(I) First suppose that p£ is finite. Choose any positive integer N. Let 
x eF. We show that [/„y x) —> [/ ]^x) as n —> «>. Suppose t\iatf(x) < N. 
There is a positive integer n 0 such that f n (x) < N for all n > n Q . 

So if n 1 rfx) = fjx) for all n > n 0 . 

Also if ]^x) - f(x). Hence 

[ f n lyy fx) -> [ / yx) as n > 00 . 

Now let f(x) > N. Then there is a positive integer n 0 such that f n (x)>N 
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for all n > n 0 . So [ fjrf.x) - N=[ f J N (x) for all n > n Q . Hence [ f n ] N (x) 

I / J/v (x) as n -> oo. 

Lastly, Ictffx) = /V. Choose any e with 0 < £ < 1. We can find a positive 
integer n Q such that 

W - e < f n (x) < N + e for all n > n Q 
This gives that 

W-e < [ f n ]f/x) < N when n > n Q . 

Hence [/„ ]„ (x)-> N = [f) N (x) as n 

Since 0 < [ f n ]jfx) < N for all x eE by Lebesgue bounded con¬ 

vergence Theorem 

\ E lflN d V-= l „'™J E [h] N d\i ... (6.3) 

Now for any n, 

\ E l fn In d P ^ \ E fn d P ^ su p{\ E fn d v) - (6.4) 

From (6.3) and (6.4) we get 

\ E [ f ] N d\i<sup{\ E f n d\i] ... (6.5) 

Letting N —> «> in (6.5) we obtain 

J E fd[X<sup{\ E f n d\i}. 

(II) Next, suppose that \iE = + ©o Let e be any measurable subset of E 
with finite measure. Then by case I, 


\ e fd\i<sup{\ e f n d\i) 

(6.6) 

Since \ e fnd\^ — fnd\k 

(n = 1, 2, 3,...) 

Sup {\Jn d v] 2 sup {j E f„d\l) 

. (6.7) 

From (6.6) and (6.7) we get 


\j d P^S“p{\ E fn d v] ■ 


This gives that 



\ E fd\x < Sup[\ E f n d\i]. 
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Corollary 6.8.1. Let { f n } be a sequence of nonnegative functions meas- 

lim 

,Jexists and 

n—>oo 

then 


urable on the set E. If exists and Um fix) = fix) a.e. on E, 




/zm e . , 

Proof: If then the result is trivial. So we suppose that 


lim 

n—>o o 


If //i = l (finite). 

Choose any e > 0. Then there is a positive integer m such that 
\e fn d\\, < l + e for all n > m. 

Consider the sequence {/„ } n=m • By Fatou’s Lemma, we get 

Se f d ^ ~ n > m {\ E fn d A - / + e - 

Since e > 0 is arbitrary, we obtain 


Corollary 6.8.2. Let {f n } be a sequence of non-negative functions meas¬ 
urable on the set E. 


If um f n (x) = f(x) a.e. on E, then \ E fd[i < j^Jnf \ £ f n d\i 


lim 

n—>oo 


Proof: We can choose a sequence {n t Kn. </»,<«,< ...) of positive 
integers such that 




Now consider the sequence {/ nf .}. Since |/„ A (x converges to fix) a. 
on E by corollary 6.8.1. we gel 
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Theorem 6.9. (Lebesgue monotone convergence Theorem). » 

Let [f n } be a sequence of non-negative functions measurable on the set 

E. If for every x in E, f.(x) < /, (x) < .... and f(x) - f (x), then 

1 J n—*oa 

Proof: Clearly/is non-negative and measurable on E. 

Since f t (x) <fyx) < f 3 (x) < .... <fix) on £, 

\ E f x d\i < j E f 2 d\i <\ E hd\i <-<\ E fd\l. 

This gives that 

n _^ oa \e fnd^ — \e fd\i . . ( 6 . 8 ) 

To prove the reverse inequality we proceed as follows. 

Let e be any measurable subset of E with finite measure. Choose any 
positive integer N and let x ee. Iff(x) < N, then f n (x) < IV for all n. 

So [ f n ] N (x) = fjx) and [ / ]^x) = f(x). This gives that [/ ]w (x) -> 
l flfi/x) as n -» oo. 

Next, suppose that f(x) > N. There is a posinttive integer n Q such that 
fjx) > N for all n > n Q . 

So [ f n ]p/x) = N = [f ]^x) for all n> n Q which gives that 
[ /„ ]n(x)^>\/\ n (x) as n—»°°. 

By Lebesgue bounded convergence Theorem 

l[f] N d V = \ c [fn\ N ... ... ( 6 . 9 ) 


Since 


l[fn] N dV.<lf n d\l<y n dVi, 
lim iim 


n—> oo 


n— >oo *E 




From (6.9) and (6.10) we get 


lint 




( 6 . 10 ) 
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Letting N —> «> W e have 

This gives that 


. ( 6 . 11 ) 

From (6.8) and (6.11) we obtain 

/„<*(!. 

Example 6.1. Prove that Fatou’s Lemma and Lebesgue monotone conver¬ 
gence Theorem are equivalent. 

Solution. 

(I) First we deduce Lebesgue monotone convergence Theorem from Fatou’s 
Lemma. 

Let {/„ } be a sequence of non-negative functions measurable on the set 
E and for xeE, let /„(*) Zf n+l (x) («=1, 2, 3, ...); and fix) = lim fjx). 

Since /,( x) < f 2 (x) < f 3 (x) < f 3 (x) < ...</(*) on E, 

So n-^^Ef^V-i\ E fd\i ... (6.12) 


n —>oo j E 




(6.13) 


By Fatou’s Lemma 

l E fd\l<sup{j E f n dn}= bm 
From (6.12) and (6.13) we get 

a" l J E fnd» = \ E fd». 

(II) Now let { f n } be a sequence of non-negative functions measurable on 
/||W = f(x) a.e. on E. 


E, and 


For any x eE, let 

&,fx) = in/{ fjx) : v > /?}. 
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Then g { (x) < g 2 (x) < g 3 (x) < ... on E 
and f(x) = gjx) a.e. on E. 

By Lebesque monotone convergence Theorem 

\e f d ^ ~ , 1-^00 if 8n d P ... ... (6.14) 

Since g n (x) < f n (.x) for all x eE, 

0 

I t 

J E 8n d V- ^ \ E fn d M- ^ SU P {jf fn d v] • 

This gives that 

n->oo^£ 8n d ^- SU P {jf / n d p\ . (6.15) 

From (6.14) and (6.15), 

\ E f d P^sup{\ E fn d P}- 

Corollary 6.9.1. Let {u n } be a sequence of non-negative functions meas-' 
urable on the set E. 

oo 

If f(x) = X U n (x) for x eE, then 
n=1 


J £ /4* = . 

11 = 1 

Proof: Let fjx) = «, (x) + u 2 (x) +-+ «„ (x) for all xeE. Then 

J- 

/,« < / 2 w </ 3 W 2 ••• </W and fix) = n ‘"l f„(x) on £. 

Clearly/ '”»/«- are measurable on E. By Lebesgue monotone 
convergence Theorem, 


l ini 


X J e l, v d P 


v=l 


H—}oo 
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oo 

= Z u v d[i' 

v=l 

Theorem 6.10. (Countable additivity of integral). 

Let the function / be non-negative and measurable on the set E; and let 
E can be expressed as the union of a countable class {£•} of pairwise disjoint 
measurable sets E Then 

l E f d V- = lj E .fi d V . • (gl6) 

Proof: If Ig. .fdu = for some i, then clearly \ E fdu = +°° and equality 

(6.16) holds. So we suppose that J£./^ w is finite for all i. 

Take any measurable e c E with finite measure and let e { - E- t n e. Choose 
any positive integer N. Then we have 

l e ff h d V = 2J C| . ff Jn d V ^ E J,. fd\i 

i i 

Letting /V-) <» we get 

J e f d V ^ E \ e . f d V ^ I i E 

i i 1 

This gives that 

J £ /^EJ £ ./4i- ...(6.17) 

i 

To prove the reverse inequality we proceed as follows. 

Take any positive integer m. Choose any e > 0. For each i (1 < / < m) we 
can find a measurable set <?. c with finite measure such that 

... ... ( 6 . 18 ) 

Write e = u <? 2 u ... u e m . Then e is a measurable subset of E with 
finite measure. For any positive integer N, 
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Letting N —> 00 we get 
m 

li e .fdlL<l E fdll 

1=1 ' 

Using (6.18) we have 

m 

SL/^ < J £ /rfH+e. 

,=1 ' 

Since e > 0 is arbitrary we obtain 
m 

2J £ ./4x<J £ /4i. 

1=1 * 

The inequality (6.19) holds for every positive integer m. 
X Jjr. - If /4* • 

I ^ 

From (6.17) and (6.20) we have 

j E fdn=2j El fdii. 



CHAPTER—VII 

GENERAL LEBESGUE INTEGRAL 

Let (X, p) be a complete measure space and let £ be a measurable 
'-subset of X and/: £-» Q be measurable, where Q denotes the set of all real 
numbers. We define the functions / + and /_ on £ as follows. 

fjx) = f(x)if f(x)>0\ and/Jjc) = -fix) if fix) < 0 
= 0if f(x)<0\ = 0if f(x)>0. 

Then the functions f + and /_ are measurable on £ and 
fix) =fjx) - fjx) for all jcg E. 

If at least one of the integrals 

\ E f+ d \l and \ E f-d\i 
is finite, then the difference 

j £ /-d)t-J £ /_dp 

is called the Lebesgue Integral of/on £ and is denoted by j E If each 
of/ + and/, is summable on £, then/is said to be summable on £ or integrable 

Theorem 7.1. Let / be a measurable function on the set E. Then f is 

summable on £ if and only if | /1 is summable on £. If / is summable on £ 
then ’ 

Proof : It is easy to see that 

I f( x ) | = fjx) + f jx) for all x eE . n n 

First suppose that / is summable On £. Then the integrals 

and J £ /_dp are finite. From (7.1) we get 


(7.2) 


i£l/l4* = J £ / + dp + f £ /-dp. . 

This gives that | /1 is summable on E. 

Next, suppose that | / | is summable on £. Since fjx) < \ fi x )\ and 

fjx) < | fix) | for x e£,it follows that/ + and/, are summable on £. So the 
tunction/ is summable on E. 

Now suppose that / is summable on E. We have 

\ E /dP = l E f +dp - \ E /.dp 5 1 £ (/ + + /. yn 

S J £ l/|dp. 
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Again 

I E fd\i Z-l E f-dlx-j E f-dV = ~Ie ( /+ + f -^ 

> -\ E \fW. 

Hence 

\] E fdv\<\ E \f\dp~ 

Corollary 7.1.1 If/is summable on E and if A is a measurable subset of 
E, then/is summable on A. 

Since JJ/M* - J^I/14 1 , 

the result follows. 

Corollary 7.1.2. Let/ and g be measurable on the set E and | f(x )| < 
for jc e£. If g is summable on E, then/is also summable on E. 

Since \ E \.f\d\i < \ E gd\x and g is summable on E, \ f\ is summable on E. 
Hence / is summable on E. 

Corollary 7.1.3. Let the function/be summable on E. Then/is finite a.e. 
on E. 

Proof: Since/is summable on £,1/1 is also summable on E. By Theorem 
6.3, |/| is finite a. e. on E, that is,/is finite a. e. on E. 

Theorem 7.2. Let the function / be summable on the set E. If E can be 
expressed as the union of a countable family {£}} of pairwise dijoint meas¬ 
urable sets, then 

l £ fdH = ZJ E/ fdH 

i 

Proof: Since each E i is a measurable subset of E and/is summable on 
E, it follows that f + and/I are summable on each £ ( -. Also we have 

\ E f+ 4* = 1 l Ej /+4* and j E /_4i = I \ E . f-d\x. 
i i 1 

! E fdH = S E .f+dn-j E f-dn 
= 2J Er Mt*-l! E f-dn 

i i 

= ZI El (.U-f-)dn = ZI E .fdn. 

I i 1 


So 
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Corollary 7.2.1. Let E be the union of a countable fanily {£,} of pairwise 
disjoint sets E i and let / be summable on each If £ \ E . 1/14* < + °°. then 

I 

/ is summable on E and 

\ E fdp = 2\ E .f dp. 
i 

Proof: We have 

] E \f\dv. = 2\ Ei \fW. 

i 

Since Xjf.l/14 1 < +°°> it follows that | / | is summable on E. 

i 

Hence 

Jf /4 1 = X Jf. /4*. 

i 

Theorem 7.3. Let/be summable on the set E and k be any real number. 
Then kf is summable on E and 

l E (kf)dp=k] E fdp. 

Proof: If k = 0, the result is trivial. Suppose that k > 0. Then 
(#)+ = ¥ + and (#)_= A/_. 

This gives that (kf) + and ( [kf)_ are summable on £ and so kf is summable 
on E. We have 

j E (kf) d ii = j E (¥) + d\x-\ E (kf)_d l i 
= j E ¥+d\L-\ E kf-d\x 

= £j £ (7+-/-MA = *j £ /4*. 

Next, let k < 0. Then 

(W)+=(-k)f_ and (kf)_=(-k)f + . 

This gives that ( kf) + and ( kf)_ are summable on E. Hence Jtfis summable 
on E. We have 

j E (V)dn = l E (kf) + dn-! E (kf)_d i i 
=j E (-k)f.dp-l E {-k )f + dp 
= k j £ (/+ - f-)dp = k \ E fdp. 

Integration—8 
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Theorem 7.4. Let the functions / and g be summable on the set £. The 
/ + g is also summable on E and n 

J £ (/ + «Kh = \ e fd\i + j E gdn. 

Proof: Let <K*) = f(x) + g(x) for all x eE. 

Then | <|>Ca:)| < \f(x)\ + \g(x)\ for all x eE. 

Since/and g are summable on E, it follows that <J> is summable on E We 
now define the sets E y , E 2 , £ 3 , £ 4 , E s , £ 6 as follows. 

E y = E(f>0,g> 0 ), E 4 = E(f<0,g<0 ) 

E 2 = E(f> 0, g < 0, <J) > 0) E s = E(f> 0, g < 0, * < 0) 

£ 3 = £(f< 0, g > 0, <}> > 0), £ 6 = £(/•< 0, g > 0, <>< 0). 

Clearly the sets £j, £ 2 , £ 3 , £ 4 , £ 5 , £ 6 are measurable and pairwise disjoint 

and 

£ = £, u £ 2 u - u E, 

We have 

J £ <M^= XJ £ .Ma, 


= 2 J £ M*, = X J E . gd\L . 

1=1 ,=1 ' 

We now show that 

J £ . M* = ! e . fd\i + J £j . (/ = 1, 2, 3, 4, 5, 6) ...(7.3) 

We prove the relation (7.3) for i =2. The proofs in other cases are similar. 
From the relation <J> = / + £ we have /=<}) + (-g). On the set £ 2 , 4 and 
(-g) are non-negative. So 

/4 1 = Je 2 M*-+ Je/--* Mi 

or /f 2 “ lf 2 lf 2 . 

This proves the theorem. 

Theorem 7.5. Let the function/be summable on the set £. Then for every 
e > 0 there is a 5 > 0 such that for any measurable set e c £ 

\\jdu\ < e whenever \xe < 8. 

Proof : First suppose that p, £ < + °°. Choose any e > 0. Since / is 
summabL on £, so is \f |. There is a positive integer N such that 


• • • 


(7.4) 
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e 

Take 5 =—. Let e be any measurable subset of E with \i e < 8. Then 

\UM s J.I/1 * = JJ/|dn rfn+Ul/|] w da 

£ Ui/i-[i/i] w K+ w ^ 

^ Ui/i-o/UnK+L 

1 1 

< 2 E+ 2 £_E [using 

Now let \iE = + °°. Then there is a measurable subset E 0 of E with 
jji£q < + °° such that 

j£ 0 l/l^>j£l/l<^-L- 

Since If 1/14* = 1^1/1^ + 

we get 

\E/E 0 f d ^ < \ E - . (7.5) 

By case / there is a S > 0 such that for any measurable set e c E 0 with 
\ie < 5, 

l\f\d\l<~t. ... ... (7.6) 

Take any measurable set e c E with \ie < 5. 

Write e x = E 0 n e and e 2 = (£\£ 0 ) n e. 

Then \ie^ < \i e < 6. So we get 

|J e M*| s ] t \fW = J £| \fWa+IJfW 

<-£ + -£ = £ [By (7.5) and (7.6)] 

Corollary 7.5.1. Let ^ be a Lebesgue-stieltjes measure on the real line with 
1*(U}) = 0 for every real number jc. If /is summable on the interval [a, b ] 
and if 


Fix) =£/(/** 
then F is continuous on [a, b ] 


(a < x < b ) 
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Theorem 7.6. (Lebesgue dominated convergence Theorem). 

Let [f } be a sequence of functions summable on the set £ and i e( 
lim/ (x) =f(x) almost everywhere on £. If there exists a function g summabi e 
on E such that \f n (x)\ ^ g(x) a e • on E (n = 1, 2, 3, ...), then/is summabi e 
on E and 

J E foV ~ h-^oJe f • 

Proof: (I) First we suppose that | lx£ < + <*>. Let £ 0 = E (f n -frf) and 
E n = E (\f n \>g) (n =1, 2, 3,.). Then p E n = 0 (n = 0, 1, 2, 3,...) and so 

ix (UJo^H. Write A = \J^ E n and B = E\A. 

Then//*) —> f(x) and \f n (x)\<g(x) for all xeB. Clearly/is measurable on 
E and \f(x)\ < g(x) for all x eB. This gives that /is summabie on B and so 
on E. 

Choose any 8 > 0. Define the sets B { , B 2 , B 3 ... as follows. 

e„=n t :„ 

Then the sets B { , B 2 , # 3 ,....are measarable, B jC Z? 2 C Z? 3 c ... and 

»=U“, 

So p£ n —^ p £ as n —^ °°. 

Since g is summabie on the set E we can find a positive number 8 such 
that for any measurable set e c E with p e < 8 

\ e gd\i < e. . (7.7) 

We now choose positive integer N such that 
- p B n > p B - 8 when n > N. 

Write e = B \ B N . Take any n > N. 

Then 

\\ E fd\L-\ E f n d V \<] E \f-f„\d V . 

<E.[iB N + 2 \ e gd\i 

< 8. p£ + 2e [By (7.7)] 


Hence 
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(II) Next, suppose that fiE = + 

Choose any £ > 0. Since g is summable on E there is a measurable subset 
E Q of E with n£ 0 < + 00 such that 

... (7.8) 

We have 

If g d V = !e 0 gd\i- + l a£o gd\x 

So using (7.8) we get 

W 0 ^ < 3 E (7.9) 

By case(I) 

Ie 0 ~ n ^ QO \ Eq f 

So there is a positive integer N such that for all n > N, 

- (710) 

Take any n > N. We have 

lie ~\ E f = jl E q fib ~ i E q f'nfb + 1 E\Eq \f ~ fnW^ 

< 3 E + 2 W 0 ^ 

1 2 

< ~e + ~£ - e [using (7.9) and (7.10)] 

Hence 

y^=az\ E f^ 

Theorem 7.7. Let [f n ) be a sequence of functions summable on the set 

00 00 

If the series X \ E \fn\^ is convergent, then ^fn ( x )converges abso- 
n =I /?=l 

,ule ly a '^ on E to a function f(x) summable on E and 

l F fib = X \ E f„d\i • 

n =1 
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Proof: We define the functions gj, g 2 , £ 3 ,. on E 38 follows. For xeE, 

g n (x) - \f[(x)\ +| f 2 (x)\ +”•+ \f„( x )\ ( n ~ 2 * 

Then the functions gj, g 2 , £3 . are measurable on E, non-negative and 

^(x) < g 2 (x) < g 3 (x) < .... for all neE. 

Write g(x) = lim g„(x). 

n— 

By Lebesgue monotone convergence Theorem 


= + 00. 

k=l 

This gives that g is summable on E; and so g is finite a.e. on E. Since 


Y\fk( x \< g(x) for all xeE, 
*=1 


it follows that ^fk( x ) converges absolutely a.e. on E. 
k=l 


Let f(x) = ^fk( x ) when the series converges and at other points of E, 
k=i 

f(x) be defined arbitrarily. 

Since \f(x)\ < g(x) a.e. on E, / is summable on E. 


Write hJx) = %fk( x )(n= i, 2,3,...). 

" k =1 

Then | h n (x)\ < g n (x) < g(x) a.e. on E, and hJx) -> f(x) a.e. on E. 
By Lebesgue dominated convergence Theorem 



lim 


n—>oo j E 


If hndfl 


lim 

n->°° 


XJzr/*4l 


k=\ 


*=l 

Theorem 7.8. (First Mean value Theorem). 

if the function/is bounded and measurable on E and g is summable on 
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E, then there exists a real number X lying between the gib and luft of f on 
E such that 

lEf\s\d\X = X\ E \g\d\i. 

Proof: Let m and M denote the gib and lub respectively of/on the set 
E. Then for all x e E, 

m\g(x)\ <, fix) |g(x)| < M\g(x)\ 

So we have 

m J £ lsl^^J £ /l«|dH<AfJ £ |g|dH ... (711) 

If JgUMl 1 = 0, then clearly J £ /|^|rf|X = 0 ; 

and so J £ /|g|4i = M £ lsl4ifor any X with m<X<M. 

Suppose that J f |g|4t>0. Then from (7.11) we have 

J £ /lsl4t = M £ lsl4t, 

where m <X < M. 

Lemma 7.1. (Abel’s Lemma). 

Let {fij, a 2 , a n } and {v l5 v 2 , ... , v M } be two sets of real numbers with 

(i) a { > a 2 > a 3 > - > a n > 0. 

(ii) R < Vj + v 2 + - + v < K (p = 1,2, ... , n ). 

rri _ _ * 

a l R < Ql v, + a 2 v 2 + - a n v n <, a, K. 
w = a l v i +a 1 v 2 + - + a „v n 

S P = v l + v 2 — ■" + Vp (p = 1,2. n). 

w = 0|5| + a 2 (s 2 -S|) + a 3 (i 3 - s 2 ) + - + a n (s n - 
= (a, - a 2 ) s, + (a 2 -a 3 ) j 2 + - + (a„_ 1 -a„)s„_,+a n J n . 

w > [(a,-a 2 ) + (a 2 - a 3 ) + - + (a„_,-<i n ) + aj /?=«,/?. 
m- < [(a,- a 2 ) + (a 2 -a 3 ) + + (« n _ r a (i ) + a n \K=a { K. 

a { R < w < a ] K. 

Theorem. 7.9. (Second Mean value Theorem). 

Let H be a Lebesgue-stieltjes measure on the real lime with |lx({a'}) = 0 for 

. ^ . r. If F is a monotone function on [a, b], then there is a 

point £, in [a, b ] such that 


then 

Proof : Let 

and 

Then 


So 


and 

Hence 
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jV/4i = F(a)fifdn+ F(b)^fdH- 

Proof: If F is constant, the result is trivial. So we suppose that F is not 
a constant on [a,fc]. For definiteness we suppose that F is increasing on [a,b]. 
Choose any e > 0. Then we can find a point x l in (a, b) such that 

£' 1 / 14 * <£■ 

Let \\t(x) = F(b) - F(x) for x e [a, b]. 

Then i) i is decreasing and non-negative on [a, b]. By theorem 1.25 there 
is a subdivision jcj < x 2 < *3 < < x n = b of [jcj, b] such that for all 

x e(x it x i+l ) (i = 1,2, -, n -1) 

\|/ (x t + 0) - \)/( x) < e. 

We now define the function g on [a, b ] as follows. 
g(x) = \| f(a) for a < x < x { , 

- \\f(x i + 0 ) for jc- < x < x i+l ( i =1, 2 , —, n- 1). 

= 0 for x = b 

Then g is decreasing, non-negative and bounded on [a, b\. Clearly the 
functions^ and fyf are summable on [a, b]. We have 


and 


tfgdv.- frwv- 



f[g-y}d[i 


\Xq—o\. 


(7.12) 


\\ b a gfdu-\ b a ^fcl\x < X J J J:' +1 (g-\J/)|/|i/p 
1 /=0 ' 


So 


< 2 \j f ( a ). e + e jb\f\du = k • e (say) 


\ b a gfd\i ~kz<\ b a \\tfd\i < j b gfdu + ke ... (7.13) 


Let h(x) = \*fd\i for a < x < b. Then b is continuous on [a, b]. Denote 

by m and M the gib and lub of the function h on [a, b\. 

Write 

a i +1 = g(x;+ 0) and v /+1 =J^ +l /^(/ = 0, 1, 2, /?—1). 

Then 

m < v’j + \>2 + "• + v < M (jj = 1,2, •••, n) 

So by Abel’s Lemma, 
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m a { < Vj + v 2 + — + a n v fJ < M a { 
or 

n—1 x (+ | 

my (a) < 2 L 8(*i+ 0) fd\x < M y (a) 

i =0 ' 
or 

my (a) < jygfd[i <My (a) . (7.14) 

Combining (7.13) and (7.14) we get 

my (a) - k £ < \ a yfd\x< M y (a) + k s. 

Since E is arbitrary we obtain 

my (a) < \ b a yfd\i< M y (a) . (7.15) 


Write \ b a yfd\i = Xy (a). 

Then using (7.15) we get m < X < M. 

So there is a point £ in [a,b] such that X = h (Q =\^ fd\x. 

Hence 

CvfdV- = Vfa 

or £{F(bh F}fdV = {F(b)~ F(a )}fcfd\x 

or \ b a Ffdn = F(a)\lfd\i+F(b)\ b K fd V .. 

Theorem 7.10. Let p be a Lebesgue-stieltjes measure on the real line £2 
and £ be a measurable (p) set with p£ < + oo if the function/is summable 
on £,then for every e > 0 there is a function g continuous on £2 such that 

lgif ~ ^ £ 

Proof: We prove the theorem by the following steps. Choose any e > 0. 

(I) Suppose that / is bounded and non-negative on the set £. Determine 
a positive number k such that 

0 <f(x) < k for all x eE. 


Choose 


£ 

0 = 2fl + \iE) 


E 



Then by Theorem 4.11 there is a function g continuous on £2 such that 
p£( |/- g| > a) < rj and 0 < g(x) < k. 

Write £, = E( \f - g|<o) and £ 2 = E(\f- g| > a). 
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We have 

\ E \f- sW =Je, 1/ - + Je 2 1/ - «|4* 

l l 

< a. p £, + 2£. r| < — e + — e = e. 

(II) Suppose that / is non-negative and unbounded on E. Then there is 
a positive integer N such that 


M/-[/LK ^ • 


By case I, there is a function g continuous on £2 such that 


We have 




Jfl / - sW <\ E \f ~[f] N \d\l + / £ I[/'] a , -g\d\l 


1 1 

< —e+—e = e. 

2 2 

(III) Lastly suppose that / is any function summable on E. 

By case II, there are functions g| and g 2 continuous on £2 such that 

j E lf+ ~S\W <| E and J £ |/_ - g 2 W < ^ e. 

Write g = gj- g 2 . Then g is continuous on £2. We have 

f-8 = - (f~g 2 l 

So \ E \f-g\d\x<\ E \f + -g\\d\i + \ E \f_ -g 2 \d\i 

1 1 

<-£+-£=£ 

2 2 

Theorem 7.10A. Let jli be a Lebesgue-stieltjes measure on the real line £2 
and let E be a measurable (p) set with \iE < + If the function/is square 
summable on E , then given any £ > 0 there is a function g continuous on 
£2 such that 


\ E \.f ~ lhl < E * 
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Proof: We prove the theorem by the following steps. Choose any 
E > 0. 

(I) suppose that/is bounded on £. Then there is a positive number k such 
that 

l/WI < k for all isE 

£ E 

Let a =tt; --r and ri = —r 

2(l+p£) 1 gi 2 ' 

By Theorem 4.11 thereis a function g continuous on Q such that 
(l/- gl > Va) < q and [gfjr>| < fc f or alljceQ. Write 

E\=E (l|/-g|2: Va)and £ 2 = £ (l/-gl>,/a). 

We have 

\eV - s| 4* = J £ J/ - g| 2 4* + \ E ^f - g\ 2 d\i 

^ c \i E { + 4k 1 E 2 < — e+~ e = e. 

(II) Now suppose that/is unbounded on E. Since/is square summable 
on E, there is a positive number 5 such that for any measurable set e c E 
with n e < 8, 

k/ 2 4i<8 E ' 

Let E n = E (| /| < n ) (n =1, 2, 3, ....). Then the sets £., £, are 

measurable and £, c £ 2 c ... and lim p E„ = p £. Choose a positive integer 
N such that for any n > N, \iE n > j xES. 

Write A = E N and B = E/E N . Then \i B < 5. Since/is bounded on A, by 
case /, there is a function g continuous on Q with | g(x) | < N for a* eQ such 
that 

UM 2 4*<L. 

Clearly < \f(x)\ for all x eB. 

We have 

\ E \f ~g\ 2 d[i= j A \f - g \ 2 dii+\ B \f - g\ 2 d\i< ^£ + 4 ] B f 2 d\L 

1 1 

< —EH— E = E. 

2 2 
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Theorem 7.11. (Shwarz’s Inequality). 

Let the functions / and g be square summable on the set E. Then fg is 
summable on E and 

_1 l 

Proof : For all x eE we have 

\ftx)g(x) | s j[/ 2 (x) + g\x)l 
This gives that \fg\ is summable on E and so is fg. 

Write A 1 = \ E f 2 d\i,B = j £ fgd\i, C 2 = \ E g 2 d\x. 

If A = 0, then f(x) = 0 a.e. on E. This implies that B =0. Therefore the 
result is true. We suppose that A > 0. Let X be any real number. Then 

X 2 A 2 +2XB + C 2 = j E [Xf ( x )+g( x j\ 2 d\i>0. 

Now X 2 A 2 + 2AB+C 2 =^4 + -j) + C 2 -ii 

D 

Taking X = we see that 
A 

D ‘2 

C 2 -—T >0 or B 2 < A 2 C 2 
A 2 

So | B I < AC, 

l l 

that is, \\ E f g d\i\<(\ E f 2 d\iy[\ E g 2 d\iy- 

Theorem 7.12. Let the functions fg and h be square summable on the set 
E. Then 


ill 

(\ E \f-h\ 2 dtf <(j t |/-«| 2 r/ M )2 + (j £ .|*-/,| 2 4i)2. 
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Proof: We have for almost all jc in E, 


So 


I / (x) h(x )| 2 < | f( x ) - g ( x )p + | g(x) _ ^|2 

+ 2 I fW - g(x)\ \g(x) - h(x )I 
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n £ i/ - fti 2 ^ < j £ i/ - 41 +j £ i« - m 2 ^ 
+ 2 J £ l/-sll#-ft|4i 

* l£l/-«| 2 ^+j £ |«-/i| 2 dH 

+ 2 (l £ l/ - si 2 ^) 2 (Jgls ~h\ 2 rf(i )2 


= < 


1 

(U/ -si 2 4^ +(j £ is-fc| 2 4*) 


> 


Therefore 


. 1 II 

(J £ l/-M 2 4*) 2 < (j £ |/ - si 2 4*) 2 + (\ E \ g -h\ 2 d»f. 

Theorem 7.13. Let the function / be square summable on [a,b] and p, 
denote the usual Lebesgue measure on the real line. Then for any 8 > 0 there 
is a polynomial h such that 



<8. 


Proof: Choose any e > 0. 

By Theorem 7.10A there is a function g continuous on [a, b ] such that 


(fl /-*! 2 *) 2 < \ £ - 
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By Weierstrass’s Approximation Theorem there is a polynomial h such 
that 


I g(x) - h(x )| < for a11 x € la,b]. 

Then J>-*| 1 2 4* = J 6 ' • 

By Theorem 7.12. 

1 _1 1 

{j*|/-A| 2 4*} 2 <(/*|/-^^)2 + (j*|*- A f rf(i )2 


1 1 

< ~e +—e = e. 

2 2 



CHAPTER—VIII 

FUNCTIONS OF BOUNDED VARIATION, 
ABSOLUTELY CONTINUOUS FUNCTIONS 
__ AND THEIR DIFFERENT IABILITY 

Functions of bounded variation. 

Let / be a real-valued function on the closed interval [a, b\ and let 
D: (a = x g < *1 < *2 < .... <x n = b) be any subdivision of [a, b\. Write 

V [ ff)= 2l/K)-/K-i)|. 

V=1 

Denote by 5^the set of all subdivisions D of [a, b]. 

Let (f) = sup { V D (f): De F }. 

If V* (f) is finite we say that / is of bounded variation (or BV) on [a,b]. 
Theorem 8.1. If/is BV on [a,b\, then/is BV on [<x,p] c [a, b\. 

Proof: Let/be BV on [a, b] and [ct,P] c [a, b ]. Take any subdivision 
D: (a = x Q < x { < x 2 < ••• < x n = P) 

of [a,P]. Clearly the points a, * 0 , x { , x 2 x n , b 

form a subdivision D of [a, b]. 

We have 


V 0 (/)= f{x v _ x )\ 

V=\ 

<\fia) -f(a)\ + 21 f(x v )-f(x v .i )|+|jfhHrpj| 

V=1 

= V D (f) < V b Jf). ... (8.1) 

Since/is BV on [a,b], V*(/) is finite. (8.1) gives that 

^a(/)-^a (/)<+"• 

Hence/is BV on [a,P] 

Theorem 8.2. If/ is BV on [a,b] then/is bounded on [ a,b ]. 

Proof: Suppose that/is BV on [a,b\. Take any point x in ( a,b ). The points 
A> h f orm a subdivision of [a,b\- So 
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I fix) - fio )| + I fib) ~ (ft 


VVw 11c* v v/ i 

uwi < i jm +i/w -/wi ^ u«;i+v* w. 

Let k=max ( \fib)\, l/Wl+^W)- 
Then clearly 

| f(x) | < k for all .* e [a,£]. 

Hence / is bounded on [a,b]. 

Theorem 8.3. Let the functions/and g be BV on [a, b]. Then f±g and 
fg are BV on [a,b]. 

Proof: Let <|> =/± g and \j/ = fg, Take any subdivision 
D (d = Xq < ^ X>2 ^ "** ^ 

of [a, &]. We have 


VO/} = 

V=1 


^ II/(■* v)- f( x v-\ )\ + £ \g( x v )- s(X x =l )\ 
v=l v=l 

z v b <f)+v b (g) 

So vZ(i>)<vZ(f)+vt<g)<-K». 

Hence <|) is BV on [a,b]. 

Again, we have 

I V(x v ) ~ ¥* v -i) I = I f(x v )g(x v ) -f(x v _ i) gfvi)l 
^ I f(x v ) -f(x v _ j) | | g(x v ) | + | f(x v _ { ) | | g(x v ) - gfvi)l 
^ k[ \f(x v ) -f(x v _ { ) | + | g(x v ) - g(x v _ { )j}, 
where k = sup { | f(x )|, | g(x)\: a <x < b). 

So V D (V)= l\V(x v )-V(x v -\)\ 

’ V=1 

< k{V D (f)+V D (g)} 

< k \v b (f)+v b {g)\. 

This gives that 

v«fii n<k{v b (f)+v b (g)} < +°°. 
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Hence \|/ is BV on [a,b]. 

Theorem 8.4. Let/be BV on [a, b ] and let \f(x)\ > o > 0 for all x e [a,b]. 
Then 1//is BV on [a,b]. 

The proof is left as an exercise 

Theorem 8.5. Let the function / possess finite derivative at each point of 
the interval [ a,b ]. If/' is bounded on [a,b], then /is BV on [a, b\. 

Proof: Suppose that/' is bounded on [a, b\. Then there is a positive 
number k such that 

| f'(x )| < k for all x e [a, b]. 

Let D: (a = * 0 < x { < x 2 < — < x n = b) be any subdivision of [a,b]. 
We have by mean-Value theorem 

/(V - /<Vi) = u v - vi) /T5), 

where x v _ t < \ v < x v (v = 1, 2, n). 

So VAf) = 

V=1 

n 

< k x v ~ x v- 1 ) = k(b — a). 

V=1 

This gives that 

V$(0 < 

Hence/is 5 V on [ a,b ]. 

Theorem 8.6. If/ is monotone on [a, 6], then/is on 

Proof: Suppose that/is increasing on [a,b]- Take any subdivision 
D = ( a Q < x 2 < — < x n = b) 
of [a, b]. Then 

y D (f)= 'z\f(x v )-f(x v -i)\ 

V=1 


= S{/(J-/f * A -1 )} = f(b)-f(a) 

V=1 

This gives that 

K(f)=f(b) -m 

Hence/is BV on [a, b]. 

Theorem 8.7. Let/be any real-valued function on [a,b] and let a < c <b. 
Then vZ(f) = VZ(f)+V?(f). 

Integration—9 
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Proof : we first suppose .ha. V/C0 and V b (f) - finite. Choose a„ y 

e > 0. ■_ j. < x,< x 0 < ••• <x n = c of [a,c] and Q 

Then there is a subd.v.sion o = ^ q{ [ft A] such that 

subdivision c = yo < m 

v=l j f ^’ 2 ) 

v=l 

Clearly the points x 0 , = >0’ ?1» >2’ -» form a subdlv,a, °n 

of [a, ft]. We have 

•••• (8-3) 

„=1 v=l 

From (8.2) and (8.3) we get 

V‘(f)+V c b (f)-e<V a b (f)- 

Since £ > 0 is arbitrary we obtain 

v a c (f)+v b (f)<vj(f) . (84) 

Now let a = x () <x t <x 2 <-< x n = bbc any subdivision of [a, b]. There 
is a positive integer m such that x m _^< c < x m , The points * 0 > x v x 2 >"\ 
x ,, c form a subdision of [a,c] and the points c, x m , x m+l ,-, x n form a 

subdivision of [c,b]. So we have 


l\f(X r hf<Xv -1 >1 


= m 2\f(x,)-f(Xv-lMf(*m)-f(x,*-i)b 2\f(*v)-f( x v-l>\ 

. 1=1 V=ffl+1 




+ \]f(*mhf<cfr I\f<X v hf<X r 

v=m +1 


S K<f) +V c<f>- 
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This gives that 

Va<f)<V‘(f)+V L b (f). ... (8.5) 

From (8.4) amd (8.5) we obtain 

v!(f) = V a c (/)+V c b (f). ... (8.6) 

Next, suppose that one of V c a ( f )andV*( f )sayV^( f) is infinite. 
Choose any positive number G. Then there is a subdivision 

a = x 0 < < x 2 < — < x n = c of [a, c] such that 

)|>G. 

V=I 

The points x 0 , x x , x 2 , ...» x n , b form a subdivision of [a, b]. So we have 
Va(f)^2\f(x v )-f( * v _, )W(b)~ f<x„»G. 

V=1 

This gives that V*( /) = + «>. Hence the relation (8.6) holds. 

Theorem 8.8. Let the function/be BV on [a, b ]. Then/can be expresed 
in the from / = g - h, where g and h are increasing on [a, b\. 

Proof: Define the functions g and h on [a, b] as follows. 

8(a) = 0 and g(x) =V*(f )for a < x < b, 

and h(x) = g(x) - f(x) for a < x < b. 

Let x { and x 2 (x { < x 2 ) be any two points in [a, b ]. We have 

g(x 2 )= V a X2 <f) = V a x '(f)+V*(f) 

= g(x l )+V*(f)>g(x l ) . (8.7) 

h(x 2 ) - h(x { ) = [g(x 2 ) - fix 2 ))-{ g (x x ) -f(x x ) 

={S^ 2 ) - S(Jt,)) - [f(x 2 ) -f(x x )) 

- v xf (f>- I f(*2> -f( x 0 I . (8.8) 

Take any point x with x <x <x 2 . The points.v,, x ,x ? form a subdivision 
Of [JT|, JC 2 ], So 12 
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Since 
we get 
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\fi H ) -/(*,)I -Xx) |, 

\f(x 2 ) - V H if) 


- (8.9) 

From (8.8) amd (8.9) we have 

h(x~D - s °- •" - (8.10) 

Since (8.7) and (8.10) hold for any two points x 2 (*, < * 2 ) in k j, 
it follows that g and A are increasing on [a, b]. From def.mt.on of h we ge | 

= s(x) ~~ h(x) frur all v £ [rr, A]. 

Theorem 8.9. Let the function / be W on the interval [a, b]. Then / is 
continuous on [a,b\ except possibly a countable set. 

Proof: By Theorem 8-8 we have/= g-h where g and h are increasing 
on [a, b\. Let E { and E 2 denote the sets of the points of discontinmty of g 
and h respectively in [a, b\. Then by Theorem 1.24. the sets £, and E 2 are 
countable and so E { u E 2 is countable. Let x e [a,b\ \ (E { U E 2 ). Then g and 
h are continuous at x and so f is continuous at x. This proves the theorem. 


Theorem 8.10. Let the function/be BV on [a, b] and let g(x) =V a x (f) 
for a < x < b, g(a) =0. Then g is continuous at each point of continuity of 
/in [a, b]. 

Proof: Clearly g is increasing on [a,b ]. Suppose that/is continuous at 
c, where a < c < b. Choose any 8 > 0. There is a subdivision a = x Q < 
x { <x 2 < - < x n = c of [a, c] and a subdivision c = y 0 < y { < y 2 < - < y m 
= b of \c,b] such that 


£ \f(x v )-f(x v _ l )\> V a c (/ J-^-e = g(c)-\z . (8.11) 

v=\ 1 1 


m 1 1 1 
t\f(y v )-f(y v -1 )\>V t b (f)--£ = g(b)-g(c)-e .. 

V=1 1 1 

We choose a positive number 5 with 

0 < 8 < min [c - x n l , y { - c}. such that 


I f( x ) ~f(c) | < ~ e for all x E (c — 8, c + 5). 
Take any point * in (c - 5, c). We have by (8.11) 


2 


«-l 


^1 f (x v )~f(x v -\ )\+\f(x)-f(x n - X )| 
l»*=l 


( 8 . 12 ) 
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\ 

+ \f(c)-f(x)\<Vt(f)+U = g(x)+U. 

£ L* 

or 8(c) - E < gW ^ 8(c) < g(c) + E ... (8.13) 

Now take any point x in (c, c + 5). We get from (8.12) 

g(b)-g(c)--e< { t\f(yJ-f(y v -\)\ + \f(yi)-f(*)\- 
2 lv=2 J 

+\f(x)-f(c)\ 

< V b x (f)+^ = g(b)-g(x)+^t 
or g(c) < g(x) < g(c) + £ 

or g(c) - e < g(x) < g(c) + e ... (8.14) 

From (8.13) and (8.14) we obtain 

I g(x) - g(c) | < E for all x in (c - 5, c + 8). 

Hence g is continuous at c. 

If c = a or b as above can show that g is continuous at c. 

Lipschitz condition. Let/be a real-valued function on [a, b].f is said to 
satisfy Lipschitz condition on [a, b ] if there is a positive number k such that 
for all x\ x” in [a, b ], 

\f(x')-f(x")\<k\x-x'\ 

n 

Examples 8.1. (1) Let f(x) = x sin — for 0 < x < land^fO) = 0. Show that 

X 

f is not BV on [0,1]. 

Solution. Consider the subdivision 

D:(0< x 2nA < - < a: 3 < x 2 <x 2 <x v = 1), 

where j: =—- (v = 1, 2, 3.2 n). 

v v + l 

We have 

v df) = I f( x \) - fix 2 )\ + I f(x 2 ) - f(x } ) + I f(x 3 ) - flx { ) I + I f(xj - 
f(* 5 ) +'"+[/i'J: 2r _ 1 ) -f(x 2ll i\+\f(x 2n ) - f(0)\ 

N °W /fje 2lM )= -L sin (nv) = 0 
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So VjjJ) - 2 


f \ 1 1 
-+-+-+ 
v 3 5 7 



—>oo as n —> °°. 


Therefore/is not of bounded variation on [0,1]. 

(2) Let /be a real valued function on [a, b] and let it satisfy lipschitz’s 
condition on [a,b]. Then/is BV on [a, b]. 

Solution. Since/satisfies lipslitz’s condition on [a, b \, there is a positive 
number k such that 

\f(x')-f(x"}\^k\x'-x"\ . ( 8J 5) 

for all x\ jc"" in [a, b ] 

Take any subdivision 

D : (a = jc 0 < jc 1 < x 2 < ■" < x n = b) of [a, b]. 

We have 



Y,\f( x v hf( x v -1 >>1 


V '—1 


<k l( x v ~ x v-i) [By (8.16)] 

V=1 

< k(b-a). 

This gives that 

V* (f) <k(b- a). 

Hence / is BV on [a,b]. 


1 P 

(3) Let/(jc) = “7 when x = ~, where pand q are postive integers and 
q q 


(p,q) = land/X) = 0 when x is irrational; and/(0) =f(l) =1. 
Show that /is BV on [0, 1] 


Absolutely continuous functions 

Let /be a real valued function on the interval [a, b]. The function /is said 
to be absolutely continuous on [a, b] if for every e > 0 there is a 8 > 0 such 
that for every set of non-overlapping intervals {(a^bj)} in [a,b] 

XI./Y )-f(cij )|< e whenever %(bj -a ( ) < 5 . 

/ i 

It is easy to see that absolute continuity implies continuity and uniform 
continuity. 
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Theorem 8.11. let /be a real-valued function on the interval [a,b]. If / 
satisfies Lipschitz s condition on \a, b\, then / is absolutely continuous on 

Mi- 

Proof: Since/satisfies Lipschitz’s condition on [ a,b ], there is a positive 
number k such that for all x', x" in [a,b], 

\f[xl-Jlx")\Sk\x-x'% ... ( 8 . 17 ) 

_ £ 

Choose any e > 0. Take o = —. 

Let {(a,>6,)} be any set of non-overlapping intervals in [a,b] with 

I(hpfl,) < 8. 

Then 


XI fVH )-f(a i )\<kZ(b i -a i )<k- = z 

i i k 

Hence / is absolutely continuous on [a, b\. 

Corollary 8.11.1. Let /be a real-valued function on the interval [a, b\. If 
/ possesses bounded derivative on [a, b ], then / is absolutely continuous on 
[a, b ]. 

Proof : Let x^ and x 2 (.£j< x 2 ) be any two points in [a, b\. By Mean Value 
Theorem 

f(x 2 -f(x { ) = (X 2 - X X ) fXQ X 2 ). 

So I fix 2 ) - f(x { )I < k(x 2 - x { ), 

where k = sup {| /Yjc)| : a < x < b). 

Thus / satisfies Lipshitz’s condition on [a, b\. Hence /is AC on [a, b\. 

Theorem 8.12. Let the functions / and g be absolutely continuous on 
[a, b ]. Then / ± g and fg are absolutely continuous on [a, b ]. 

Proof: Since/and g are absolutely continuous on [a, b ], they are bounded 
there. So there is a positive number A such that 

\f(x)\ < A and | g(x) | < A for all jt e [a, b]. 

(i) Choose any £ > 0. There is a 5> 0 such that for any set {(a,b)} of 
non-overlapping intervals in [a, b ] 


Y\f(b i )-f(a i )\<]-z 
and ' ^ 

SI 8(bj )-g(cij 
i 2 


r whenever - a t ) < 8. 


Write <(> = / ± i>. Then 
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X\Wbi)-W a i 


)\< Y\(bj )~f( a i il+XI s( b i ) 


Hence 4> is absolutely continuous on [a, b], 

(ii) Write <(» =/#• Choose any E > 0. . 

There is a 8 > 0 such that for any set {«,,!>,)} of non-overlapping intervals 

in [ a,b] 

l\f(bihf(ai)l<j- and Zlg(bi)\~g(ai)l<J^. ■ 

/ 1 


whenever ~ a i )<&• 
i 

We have 

| <K*,) - <K«,) I = I ftbj)g(b;) -f(a- t )g(a)\ 

< | f(bi> -fiafi | g(bj) | + | f(a t ) | | g(a t ) - g ^)| 

iAWflbJ-fla;) | + | gff-il-gKH) 

<4 fe + n) =E - 

Hence <J> is absolutely continuous on [a, b]. 

Theorem 8.13. Let / be absolutely continuous on [a, b] and f(a) > o > 
0 for all x in [a,b]- then — is absolutely continuous on [a,b]. 


The proof is left as an exercise. 

Theorem 8.14. Let the function/be absolutely continuous on [a, b]. Then 
/is BV on [a, b]. 

Proof : We can determine a 5 > 0 such that for any set { (a it £•)} of non¬ 
overlapping intervals in [a, b] with X(A ~ a i )<&> 


l\m)-f(ai)\<l . (8.17) 

/ 

Let a = c Q < Cj < c 2 < — < c N = b be any subdivision of [a, b] with 
( c r - c r _ j) < 5 (r = 1, 2, ..., N). 

Consider the interval [c r _c ]. 

Let c r _, = x 0 < a, < a - 2 < — < a ;; = c r be any subdivision.of [c r _j, c r ]. 
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Clearly {(•*,■_i> */)) ls a set of non-overlapping intervals in [c r l , c r ] with 
EtXi'ti-1)< 5 ’ 

t 

l 

So by (8-17) we have 

1 = 1 

This implies that 

V c Cr (f)< 1. 

c r-l 

So /is BV on [c M , c r ] and hence/is BV on [a, b]. 

Theorem 8.15. Let the function/be summable (p) on [ a,b ], where p is the 
usual lebesgue measure on the real line. Define <{) on [a, b ] as follows. 

<K*) = J *f( t )dt for a < x < b. 

Then (J) is absolutely continuous on [a, b]. 

Proof: Choose any £ > 0. Then there is a 6 > 0 such that for any 
measurable (p) subset e of [a, b] with pe < 8 

■ . (8.18) 

e 

Take any set {( a- v b t )} of non-overlapping intervals in [a, b] with 

J l (b i -a i )<8. 

i 


Let e = Vjfdpbi) Then e is a measurable set with pc = - a { - )<8. 

i 

So by (8*18) 

\ e \fW<l . (8.19) 

Now 


1 

i 


J 


s IJ*';|/|rfn = J|/W|x<e.[by(8.19)l. 

« I 

t e 

Hence (|) is absolutely continuous on [a, b]. 
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Differentiability of BV and AC functions 

Derived numbers. 

Leif: / —» £2, where / is an interval which is not void or a singleton set. 
The number X (finite or infinite) is said to be a derived number of/at the point 
x 0 €/ if there is a null sequence [h n ] (h n * 0) with x 0 + h n el such that 

^ _ lint f(x 0 +h n )-f(x 0 ) 

n —>°° h 

'71 

A derived number of fat x 0 el is denoted by Df(x 0 ). 

Note 8.1. A sequence { h n } of real numbers is said to be a null sequence 
if it converges to 0 (zero). 

Theorem 8.16. Let/:/—»£ 2, where I is an interval which is not void or 
a singleton set. Then derived numbers of / exist at each point of /. 

Proof: Let x Q el. Take any null sequence [h n ] (h n * 0) with x Q + h n el. 

Write 


a n 


f(x 0 +h n )-f(x 0 ) 


(n =1, 2, 3, ...). 


7i 


lint 

Let X = in/ a n . X may be finite or infinite. In any case we can choose 
a sequence ( n(n |< « 2 < n 3 < ) °f positive integers such that 

lint 

X= k _> 00 a n k . 

Write p k = h n k (k = 1, 2, 3, ...). Then [p k )(p k * 0, x 0 + p k el) is a null 
sequence and 

^ _ lint f(x ( , + m )~f(x 0 ) 

Pk 

Thus X is a derived number of /at x () . 

This proves the theorem. 

Theorem 8.17. Let/: / —> £2, where / is an interval which is not void or 
a singleton set and x Q el. Then f'(x {) ) exists if and only if all the derived 
numbers of at are equal. 

Proof: First suppose that exists. 
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Then 


f'( x ) - / ( x o+h) f(x a ) 

V h-*o - (h*0,x 0 + he[). 

Let [h n ] ( h n * 0, * 0 + h n €/) be any null sequence. Then clearly 
lim ,f(x 0 +h n )-f(x n ) 


n —>o° 


71 


=/rv 


This gives that all the derived numbers of /at jc 0 are equal to /'(jc 0 ). 
Next, suppose that all the derived numbers of/at x 0 el are equal to /(say). 
Let {/i„} (h n * 0, Xq + h n e/) be any null sequence. 


Let X = 


lim 

/l—>oo 


inf a n and 


where 


* lim 
A = sw/? a 


a n 


f(x 0 +h n )-f(x o) 

K 


(n = 1, 2, 3, ...). 


We can choose two subsequences {n^} < n 2 < n 3 < •••) and {m^} (m { 

< m 2 < m 3 < —) such that 



lim 


and A = 


lim 

k-^oo a ^k ■ 


Charly X and A are derived numbers of/at jc q . Therefore X = / = A. This 
gives that »/ as n —> «> which implies that 


lim f(x 0 +h)-f(x q) 
/l “ >0 h 


(h *0,x 0 + h el) exists and equals 


/, that is /Y*q) exists and f'( jc 0 ) = /. 

Vilali covering. 

Let p denote the usual Lebesgue measure on the real line Q and let E c 
H ; and ^“be a family of closed intervals none of which is void or a singleton 
set. If for every x eE, there is a sequence {d ( } in ^"such that x ed i for all 
i and p clj -4 0 as /—»«\ then we say that the family ^covers the set E in 
the sense of Vitali. 

Theorem 8.18. (G. Vitali). Let E be a bounded sub of Q and let the family 
*of closed intervals covers the set E in the sense of Vitali. Then for any e 
> 0 we can select finite number of pairwise disjoint closed intervals clcl 2 , 
• d n from the family T "such that 
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ZH*(E n d:) > \xE - e and (<*,•) < \x* E + e. 
i=l 1=1 

Proof: Let 6 > 0 be given. There is a bounded open set G D E with 
liG < H*(E) + £. 

Let f 0 ={v:verandvcG). 

Clearly 2^ is also a Vitali covering of the set E. Choose a closed interval 
d { e ^ 0 . Let 

ly = sup { jli(v) :vef 0 and v c GWj}. 

Now choose d 2 in ^ with 

1 

d 2 c G | dy and \xd 2 > ^ l v 


Let 

l 2 = Sup {)Li(vj : v E Fjj and G\ (dyU d 2 )}. 
Next, Choose d 3 in with 


1 

d 3 c G\{djU d 2 ) and \xd 3 > ~l T 

Continuing the above process we obtain a sequence { d k } of closed 
intervals in ^ satisfying the following conditions. 

(1) d n c G\(dy\J d 2 u ... u d n _y) 


1 

(2) \xd n > ~l n _y, where 

l n = sup Mv) : v e^ 0 and v c GV^u u - u d n _ { )). 

Clearly the intervals d { , d 2 , d 3 ..are pairwise disjoint and d k c G for 

all k. 


Write A n = (J/=i d i and U/=i d i “ A 
We have A c G and so 


2 = fi(A) < |H (G) < n*(E) + E ... (8.20) 

We now show that jll* (£\A) = 0. 

Choose any q > 0. From (8.20) it follows that the series Zp,(^) is conver¬ 
gent. So there is a positive integer N such that 

2 V(di)<\r\. 

i=N +1 *> 

Write B = E\A N . Take any x efi. 
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There is a sequence {/,} of closed intervals in ^ such that x G/,- for all 
i and p(/,) —*0 as 1 ~ Since x G and G\A N is open, there is a 8 > 0 
such that (* - 8, x + 8) c G\A N . Choose positive integer k such that 

MW < when 1 - L Take d = 4 Then d c (jc - 8, jc + 8) c G\A N . 

If possible let d c G\A ;J for all n. 

Then \i(d) ^ /„ for all n. Since the series is convergent, —>0 

as n —»°°. Again, since /„ < 2 p, (d /I+1 ), as n —> «>. This contradicts the 
fact that l n > \i d > 0 for all n .So there is a positive integer m such that 
d cG\A v for v = 1, 2, m -1 but d (t G\A m . This gives that m > N and 
d n d m * <|). Since d n A ml = ()) we have d c GW ml which gives that 
\xd < < 2 p, (d, n ). 

Let D- denote the closed interval concentric with d t and p(D t ) = 5 | i(d^). 
Let x m be the mid-point of d m andzean d m . Then \ x-x m \<\x- z\+ 

1 1 5 

I Z-x m \ < \x,(d) + M- 2 ^m) < ^ ^ = 2 I^ m )- So ^ g D m . Therefore 

*= U^ + i^ a nd 


MW < S |i(D.) = 5 £ < rj. 

/=yv+i i=yv+i 1 

Since E\A c E we have p,*(£\A) < r\. So p* (£\A) = 0. 

Now E = (E n A) u (£\A). 

00 

So H*(£) = H*(£ n A) = End,.; 

1 = 1 

Hence there is a positive integer n such that 

i»(End. i )> V L*(E)-t 

* • 

i=i 

From (8.20) we get 

n * 

'Zix(d i )<\x (E)+z. 

i =1 

Lemma 8.1. Let f : [a, b ] —> Q be BV on [rz, b] and let E denote the set 

of all points in [a, b] where at least one derived number of / is not finite. Then 
H (E) = 0. 

Proof: If possible, let ^'(E) > 0. Choose any 8 with 0 < £ < — p*(E). Let 
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134 ,i« number. Take any x 6 E. Then toe is a null sequ ence ,, , 

A be any po sll ' ve ft]) uch t hal for all n , \) 

(h * 0, x + l>„ e l a - DU 
" I fCx+K]zJ±^>A 

\K\ 

Of J ^Ux"+ h] (or [x+C *])• Thus 10 each x e£ we'of 1 * 

WriK Nervals (i,V) "* that * *„) -» 0 as „ 

seqU ^f 1 .he family of all Closed intervals thus assocated with the pci n ,: 
Let rdenote jr co vers the set E in the sense of Vitali. Hen, 

isztszsi a— 4 „ ^ 

in family ^such that 

£p(A;)S E it*(A £ - E) > H*(E) - £ ... ... (822) 

1=1 

Ut A ; = (0, *,(• Then from (8.21) and (8.22) we get 

£ i jit*,) - f< a t>\ > a £ i*( A <) > A (i x *® - E i- 


This gives that 

Since A is arbitrary, it follows that 

vjY/) = +*»• 

This contradicts our hypothisis. 

Hence p*(E) = 0. 

Lemma 8.2. Let/: [a, b] -> Q be increasing and let E denote the set of 
all points in [a, b ] such that at each point xeE, there are two derived numbers 

DJ\x) and D^(x) with 

D x f(x) < D 2 fix). Then \i*{E) = 0. 

Proof: Clearly the derived numbers of/are non-negative. For positive 
rational numbers p,q ip < q) let E denote the set of all points x of Esuch 
that D { f(x) < p < q < D 2 fix). Then 

Suppose that |H*(£) > 6. Then for some pair ip.q). \^(E. nj ) = A, > 0. Write 
A = E pq . Take any x eA. Then D y f(x) < p. Then there is a null sequence 
l^„) (b n * 0, h /t ef a, b ]) such that for all n. 
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ov \ fix + h n ) - fix)\<p\h n \ ... ... (8.23) 

Let d(x, h n ) = [x, x + h n ] {or [x + h n a:]}. 

Denote by T the family of all closed intervals thus associated with the 
points of the set A. Then ^"covers the set A in the sense of Vitali. Choose 

any e with 0 < £ < "A.. Then there exist finite number of pairwisedisjoint 
closed intervals 

d(x v h{), d(x 2 , h 2 ) .. d(x r h\) 

in the family such that 

r r 

X-e < X p*(A n d(x it h[)) < X |/i.| < X + e. ... (8.24) 

i=i i=i 

Write B = [j i=i A n (P (X;, hj), where cP(x v h i ') denotes the open niterval 
(xp x+hj) or (Xj + hp x) Then B (Z A and 
r 

ji*(Z?) = X p*(A n d{xfif)) > X-e. 


Let G =U/=i Take any x eB. Then D 2 f(x) > q. So there is a 

null sequence [k n ] (k n * 0, x + k n eG) such that for all n 


\f(x + k n )-f(x)\ 

l*J 


>q. 


(8.25) 


As above, let d(x, k n ) = [x, x + k n ] {or [x + k n , jc]} and denote the 
family of all closed intervals thus associted with the points of the set B. Then 
covers B in the sense of Vitali. So there exist finite number of pairwise 
disjoint closed intervals 

dfy^k'j), d(y 2 , k 2 ), ..., d(y r k t ') 
in the family such that 



< l\k;\<\i*(B) + z 

i=l 

From (8.25) and (8.26) weget 




(8.26) 
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> <7 2I*/I > ^ " 2e )- ^ 8 - 27 ) 

1=1 

From (8.23) and (8.24) we get 


2 | /(V/g - /(*,-) I < p (A + £) - (8-28) 

i=l 


Since each interval d(y it kj) is contained in G, that is, in an interval d(x. v h p 
and / is increasing it follows that 



Now using (8.27) and (8.28) we get 
g(A — 2 e) < p (A+ 8 ) 

Since 8 > 0 is arbitrary we obtain 
Ag < A p or <7 < p 

which contradicts the fact that p < q. Hence ^ (£) = 0. 

Theorem 8.19. Let/: [a, b] -» Q be increasing. Then/possesses finite 
derivative almost everywhere in [a, b ]. 

Proof: Let ^ denote the set of all points in [a, b ] where / has at least 
one infinite derived number and E 2 the set of all points * in [a, b] where all 
the derived numbers of/are finite buif'(x) does not exist. By Lemmas 8.1 and 
8.2, = 0 and \x(E 2 ) = 0. If x € [a,b]\ (E l u E 2 ), then f'(x) exists and 

is finite. This proves the result. 

Theorem 8.20. Let/: [a, b] -> Q be BV on [ a,b ]. Then/possesses finite 
derivative almost everywhere in [a, b]. 

Proof: Since/is BV on [a, b], we can express/in the form/= g - h, where 
g and h are increasing on [< 2 ,b ]. Let E j and E 2 denote the sets of the points 
in [a, b] where the functions g and h possess finite derivatives. If * e E { n E 2 , 
then clearly f'(x) exists finitely. We have 

b]\(E l n E 2 )) < M* ([a,b]\ E { ) + fi*([fl, b]\E 2 ) = 0. 

This proves the theorem. 

Theorem 8.21. Let/: [a, b) -» ^ be increasing. Then the derivative/' of 
/ in [a, b] is summable on [a, b ] and 


j b j'(x)dx<f(b)-m 

Proof : We define/in ( b, b + 1] as follows. 

f(x) = f(b) for b < x < b + 1. 
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Now we define the sequence {f n } of functions on [a, b ] as follows. 


/„(*) = n 



f 0 

x+- 


/ 

-fix) 


{ n J 



for a < x < b. 


Then each f n is non-negative and measurable on [a, b ] and f n (x) —> f(x) 
a.e. on [a,b]. By Fatou’s Lemma 


J af' (*) - su p{j afn( x ) dx \ 


(8.29) 



b+± a+— 

n S b " f(x)dx-n\ a " f(x)dx 


b+- a+— 

- n Sb n f(b)dx-n\ a n f(a)dx 

- f(b) - f(a). /g 30) 

From (8.29) and (8.30) we get 1 ’ 

fcf'Wdx <f(b) -fia). 


Hence f' is summable on [a, b\. 

Theorem 8.22. Let / : [a, b] -> Q be absolutely continuous and 
f'(x)= 0 a.e. on [ a,b ]. Then/is a constant. 

Proof: Let a be any point in (a, b ). 

Denote by E the set of all points x in (a, a) where f'(x) = 0. Then 
\xE = a - a. 


Choose any e > 0. Since / is absolutely continuous on [a, a], Jjhere is a 
5 > 0 such that for every set {(a,, b t )} of non overlapping intervals in [a, a] 

^ I Mi) -/(«/)!< £ when £ (b i - a .) <5 (g 31 ) 

Let * GE. There is a null sequence {/*„} (h n * 0, x + h n e(a, a)) such 

Le,, U < (X+K) ~ f(X) 1 < 8 W - - (832) 

clm . r X> h » ~l x ’ x + K 1 {or U *]}. Denote by rthe family of all 

hm i 1 " tCrva,s d(x ’ associated with the points of the set E. Clearly the 

of r!v.' C ° Ve,S lhe Set E in the sense of Vilali - Hence there exist finite number 

W,Se disjoint closed intervals A ( , A 2 . . A /? in the family r^such that 

integration—10 
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n 


^(£nA,.)>[i£-8 = a-fl-S. 

1 = 1 

Since A t c ( a, a) and A,, A 2 , A /( are pairwise disjointi we have 


n 

El 1 (Ap < a-a. Let A ; - = [a jt £•] (/ = 


1,2,..., n ). Without loss of genera 


lity we may suppose that Aj, A 2 , ..., A ;J are in increasing end points. Then 
< a i <b { <a 2 <b 2 < ... <a n < b n < a. 


n n 

Since Eh^> ^\i(En A,- )> a-a-8, 

i=i i=i 

we have 


n 

E( a i+ 1 -bj)<8 (a = b 0 and a = a n+l ) 

i=0 

Now 

f(a) -/fa) = { f(b { u) - f(a x )}+{f(a { ) -f(b { )) 

+ { f(b x ) -f(a 2 )} + - + { f(a n ) - f(b n ) )} + [f(b n )-f(a n+l )) 

= E { f(b,) -f(a i+l )) + E { /(*,•) -/(b,)} 

i=0 r=l 


So | f(a) -f( a)| < £ |/f^.) -/K +1 ) | + £ |/f<V - Wl 

i=0 i'=l 


< £ + s. E M(A/) < (1+ a - a)e. 

/'=! 

[using (8.31) and (8.32)] 

Since e > 0 is arbitrary, it follows that /fa) = f(a). Since a is any point in 
(a, b], f(x) = f(a) for a < x < b. 

Theorem 8.23. Let /: [a,b] -» £2 be summable on [a, b ] and 

0(jc) = \ X J (0 dt for a<x< b. 

Then §'(x) = f(x) a.e. on [ a, b\. 

Proof: The function <J> is absolutely continuous on [a, b]. So 0 '(a) exists 
finitely a. e. on [a, b\. Let E denote the set of all points in [a, b\ where <(>'(-*) 
exists finitely. Then \iE = b - a. Write 

E' = {x : x E E and <J)'(jc) > f(x) } 

and E" = {.v : x eE and <|>' (v) < f(x) } 
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For any two rational numbers p, q (q > p ) j e t 
£ s {jc: x tE' and (J>'(jc) > q > p > f(x)}. 

Then E ~ ^(p.q) ^pq • Clearly each set E pq is measurable. 

If possible, let p(E pq ) > 0 for some pair of rational numbers p,q (q > p). 
Write E 0 = E pq . 

Choose any e with 0 < e < p £ Q . Since /is summable on [a, b\. there is 
a § > 0 such that for every measurable subset <? of [a, b ] with p e < 5, 

JJ/I4a<e . (833) 

Let G be an open set with G c (a, b) such that E 0 c G and 

p (G) < p£q + 8* ... ... (8.33a) 

Take any point x e£ 0 . There is a null sequnce {fy} {h i > 0, jc* + h- gG) 

such that 

tyx + hj )-({)( x) 

tq >C 1 . (8.34) 


Let d(x, h,-) — [x, x + h-\. Denote by ^"the family of all closed intervals 
d(x, x + k f ) associated with the points of the set E 0 . Then is a Vitali 
covering of £ 0 . So there are finite number of pairwise disjoint closed intervals 
A,, A 2 , A ;J in the family iTsuch that 


and 


Xp(£o n M>M£o- £ 

i=l 

n 

JpA t - <p £ 0 + e 

i=l 


(8.35) 


Write A f = [a f ., bj and A = U/=i^/ 
From (8.34) and (8.35) we have 

l A fdn = IJ fdil = i{0f 6,. )-Ma ,)} 
1=1 1 »=1 


n 

> q i>q(\iE 0 -z) m . (8.36) 

e=l 

On the other hand A C G and A | £ 0 c G | £ 0 . 

Since G = E 0 u (G \ E 0 ), pG = p E 0 + p (G\ £ 0 ). 

So (A\ E r; ) < p ( G\E 0 ) = p G - p £ () < 5 fusing (8.33a)]. 

Since /(.v) < /? for all x eE {) we get using (8.33) 



140 


A COURSE OF LEBESGUE INTEGRATION 

j A fd\i = W„ /4l + ^0 /</M 


(8.37) 


and 


Since e > 0 is^biuary, it follows that M^o = 0. 111311S - M = 0 

so)lE'=0. t h a t U E " = 0. Hence <p W = JW «■ on [a, *]. 

Similarly we can m _> fl be absolutely continuous. Then 

Theorem 8. 24. Let/. J 

=/r*W;/'w rf ' for “-*-*• 

Proof* Clearly/is flVon [a, b] and hence/'is summable on [a. b ). Lei 


<j)(jt) =f(a) + £/'W* ( a - x - fc) ' 

Then $ is absolutely continuous on [a, f>] and <t>'(x) = / W a.e. on [a,b]. 
Let fW = <l>(x) -/W for a < x < fc Then F is absolutely continuous on 
[a, b] and F'(x) = 0 a.e. on [a, *]• So F is a constant. We have 
F(a) = tfa) -fia) = fia) ~/W = °* 

So F(x) = 0 for all x e [a, b], that is, <|) (x) =fix) for all x in [a,b]. 


Hence fix) = /a) + £/' (a < x < b). 


Lebesgue points and Lebesgue set. 

Let f: [a, b] -> £2 be summable on [< 2 , b ]. A point * in ( a, b) is said to 
be a Lebesgue point,of/if 


lim ^ rx+li 
fa x 


\f(t)~f(x)\dt = 0. 


The set of all Lebesgue points of /in ( a, b) is called the Lebesgue set for 
/in (a, b ). 

Let/be continuous at a e(a, b). It is easy to see that a is a Lebesgue 
point of / The converse is not true. 

To show this we consider the following function / defined on [0, 1] 
f(x) = 1 when x is rational 
= 0 when x is irrational. 

Take any irrational point x in (0,1). Choose any 8 > 0 with (.*-5, x + 5) c 
(0, 1). For any h with 0 < |/7|< 8, we have 


1 
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so iz 

Thus every irrational point in (0,1) is a Lebesgue point of / Clearly/is 
not continuous at any x in [0, 1] 

Theorem 8.25. (Lebesgue). Let/: [a, b] —> £2 be summable on [a, b]. Then 
almost all points of {a, b ) are Lebesgue points of / 

Proof : Let B denote a countable dense subset of Q. We can take the 
elements of B as 

Pi’ ^2’ ^3’ P/i» •••• 

Now define the sequence {g ;1 } of functions on [a, b ] as follows. 

g n (x) = I fix) - p /t I for a < X < b ; n = 1, 2, 3, ... 

Clearly each g n is summable on [a, b]. 

Let 


FJM = J X a gn(Odt(a<x<b). 

Each F n is absolutely continuous on [a, b] and so F'(x) = g (x) a.e. on 
[a,b\. 

Denote by E n the set of all points in [a, 2>] such that F'Jx) = gjx) and 

E = n Zi E * 

For each «, p {[a, b] \ E n ) = 0 and so 

oo 

b]\E)< 1 ([a, b)\EJ = 0. 

/1 = 1 

Take any point x eE and write a =f(x). Choose any e > 0. Determine the 

positive integer n such that | (^ - a| < - e. 

Let t e [a, b]. We have 


|./Y/;-a|-|/fO-P„||<|P„-a|<ie. 

3 


8 n ( x ) 


Since ^ \* +h g n (tyh = 

h h 

h wUhV< |/i|<8 Can f ' nd 8 > ° W ' th (X ~ 8 ’ * + 8) c (a ’ b} such thal for any 

Now for () < |/i| < §, 
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l \ x x +h \.f(t)-a\dt - ± \? h \f(t)-V n \d, 

< {\? h \V>n-o\dt <^e. 

and 

jr£ + *l/(0-a|<* 

< I \ \? h \f(t)-a\dt-jjf'\f(t)-V n \dt 

I 

+ \$7 h 8n(t)dt-g n (xU\f(x)-$ n \ 

1 1 1 

< ~£H-1—£=£. 

3 3 3 

Hence ^£jfVw-/W|<*=o. 

and so x is a Lebesgue point of/ 



CHAPTER—IX 


FOURIER SEMES 


Let the function/be summable on [-71,7i]. The constants a 0 , a 2 , 

b { , b 2 , b 3 .defined by 

1 7i i n 

a= — J f(x)cosnxdx,b n = — [ f(x) sinnxdx 

*-n 71 -7C 

are known as the Fourier coefficients of /on [-7t, 7t]. The trigonometric series 

1 “ 

—<* 0 + X (a v cos vx + b v sin vjc) 

2 V= 1 

is called the Fourier series of/on [-71,7t]. We use the following notations 

n 

S n (f’> *) = ^ («» cos v + b v sin v..) 

V=1 A. V A 

oo 

and f[x) -2 (a v cos + b v sin vjc). 

Periodic function. 

Let the function/be defined on the real line./is said to be periodic with 
period w (w * 0) if f(x + w) = j\x) for all real numbers jc. The least of the 
periods w (> 0) of / is called the fundamental period or simply the period 
of/ 

Theorem 9.1. Let the function/be periodic with period 2 w (w > 0) and 
let it be summable on [- w, w]. Then 

(o \-ll a f (x ^ x= \- w f (x > dx 

(ii) = 

® l- w f(x + a)dx = l'" w f(x)cU 

(,v) l" +2w f(x)dx = j" ir f(x)dx. 

Proof: Since /is summable on [~w,w] and periodic with period 2u\ it 
follows that / is summable on any finite interval. 
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(i) We have 

= /| + / 2 + /j (say) 

In / 3 put y = * - 2tf. When x = w, y = - W x = w + a, y = + a 

S 0/3 = i:: +a f(y+2w)dy=!:^ a f<y)dy 

— CLff*#— 1 ' 

or I\ + ^3 = 0. 

Hence J* % m f<x)dx = J? w f<x)dx. 

(ii) Put y = x - 2w. 

When x = a + 2w, y = a ; x = P + 2w, y = P. 

So ttiwf (x>dx =laf(y +2w ^y = tf(yWy = Ia/(xj* 

Other parts are left as exercises. 

Theorem 9.2. (Rieman-Lebesgue Theorem). 

' Let the function / be summable on [a, b]. Then 

lim ( b f( x ) €OS \ X( j x = 0 f(x) sinXxdx - 0. 

A—>°o ia J ' ' A-»ooJfl J 

Proof: Choose any e > 0. Since/is summable on [«,&], there is a function 
g continuous on [a,b] (see Th 7.10) such that 

. (9-1) 

Since g is continuous on [a,b] it is uniformly continuous on [a, b\. So 
there is a 8 > 0 such that 

A 

I 

I g(x'hg(x ")| < q b _ a ) . ( 9 - 2) 

for every pair of points jc" in [a, b] with | x-x"\ < 8. Take a subdi¬ 
vision 

a = J 0 < x \ < *2 < < x n = b 

of [a, *1 with max (x,- - x M ) < S. We have 
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| J* f(x)cos‘k xdx\ = | J*{/( x)-g(x)}coshedx + \*g(x) coshedx | 
< \ b a \f(x)-g(x\dx+^ b a g(x)coshcdx 


1 

< 3 


FI —1 jt /+ i 

X \ x . g(x) cos Xxdx 

i =0 ' 


1 

< -£ + 
< 3 


M-l Jt,- + 1 «“1 •*/+] 

XL {g(x)-g(Xi )}coshedx + XL g(Xi)cosXxxdx\ 


i =0 


i=0 


1 n -1 x,+i 

< —£+ X \ x . \g(x)-g(Xi)\dx + 
3 1=0 ' 


n ~ { f sin he 

8( 

1=0 


■ 


* 1+1 


+—£—sLw - X, >+ "i 1 

3 3 (b-a) I=0 ,=o W 


[using ( 9 . 2 )] 


2 e Ink 6 n& 

s T + |xT <e,/|X|> —• 

where k = sup {| g(x)\ : a < x < b) 
Hence j b f ( x )cos he dx - 0. 


Other part can be similarly proved. 

Theorem 9.3. (Bessel’s inequality). Let the function / be summable on 

[-71,71] and Aq, flp —1 £> 3 , ... be the Fourier coefficients of / on 

[- 7 t, 7 t]. Then 


-a\ + X(«v +&v J* n / 2 (*)dx. 

2 v= i 71 n 

Proof: If / 2 is not summable on [-7t,7i], then there is nothing to prove. 
So we suppose that / 2 is summable on [- 7 t, 7 t]. 

Consider the function g(x) defined by- 

g(x) = [f(x) - SJf; x)] 2 

= f 2 (x) -2 f(x) sJf; x) + S 2 (/‘; x). 


J 46 a course of lebesgue integration 

For each n. the functions S„(f; x) and %ff; x) are summable on [-*,*]. 
We have 

f_> * *fr = £ f 2 (x)Jx-H n _J(x)s„ (f; x) dx +Z\S„(f;x)dx 

. (9.3) 


Now 


\*J(x)S n (f; x)dx 


= l- n f(*)dx + E la v l* n f(x)cosvxdx+b v j* n f(x)sinvxdx) 
2. v=l ' j 


= 71 ^ 


i fl0 2 + £(a 2 +*?) 

^ V=1 


and 

it n 2 


l- n sZ(f;*)dx 


= J a ol-n </x + a O £ (a r f^/(x) cosvxdx+bj* n f(x)sin vxdx) 
4 v=l ' 


+ £ a^ay^cos \\x cos vxdx 

|X.v=l 


+ 2 £ VJtB ^ 
H.v=l 


cTC 

H,v=l 


- 71 


+ £(«? +*?) 


2 ,, = | 
Substituting in (9.3) we get 


f* n g( X W X = \* n f 2 (x)dx-n 


j«0 + S(«, 2 +*r) 

“ II- I 


Since g(x) > 0. we get 
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This gives that 

7 a 0 + 2 (a? + b v)--\- n f 2 (x)dx. 

2 v=i\ ' n 

Theorem 9.4. (Dirichlet’s Integral). Let the function /be summable on 
[—7t,7i] and be periodic with period 2n. Then for any point x in [-71, it], 


S if; x) = l£{f(x+2t) +f( x-2,}.™<^^ 
n n u sint dt 


Proof: We have 

a = ~\\f(t )cos vtdt,b v = — f(t) sin vt dt. 

v n n 

Take any point x in [-71, tc]. Then 

a y cos vjc + b v sin vjc 

= -j" / (0 (cos vx cos vr + sin vjc sin vt}dt 
71 


= “J-n-f W cosv(x-t) dt 

K 


= — \- n l x + C0S V ^ U 


[Putting t-x=u] 


1 rTt 


- ^L n f (x +u) cos vjc du [ v f(x+u) cos vu is periodic with perio 2n] 




- 2 n J-n fi x + u ) du [ v / is perodic with period 2it] 
So, 
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( 


_ -&/(*+«! 
- n n 


sin 


n + — 


) 


u 


2 sin— 
2 


du 


n 

1 r 2 x/ . sin(2n + l)t 
= -J f(x+2t). - : - 

Tt Sin t 

2 


fl 

[Putting u = 21] 


n 


= ij° 

7 C fin / 71 J 0 sin t 


71 

1 ,7 


fin r 7 t j o j/ n t 


n J o 


dt 


= -ll*{f(x+2l)+f(x-2t)}.- in<2n + l), j t . 

71 0 sint 

Theorem 9.5. Let the function/be summable on [- 7 i, 7 c] and be periodic 
with period 2 ti. Then a necessary and sufficient condition for the conver¬ 
gence of the Fourier series of/at x Q e[-n,n ] to the sum s(x 0 ) is 

WV 2f ) + f(x 0 -2th2s(x 0 )) - f2n + U ' dt = 0 , 

71 sin t 


where 0 < 8 < — . 

2 

Proof: Let a 0 e [- 7 t, tc] and n be any positive integer. By Dirichlet’s 
Integral we have 


(/ - *()) - j 0 {/( A'o + 20 + /Ya' {) - 2 1 j} 

Iv J 


fi/if 2 /? + 1 > 


dt 


sin t 
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By actual evaluation we get 


71 


.2 sin (2n +1 )t 

Jo- dt 


sin t 


n 

2 


So 


n 


2 f 2 


s( x 0 ) = - J 0 s( x 0 ). 


sin( 2n + l)t 


dt. 


sin t 


Therefore 


»r 

1 r2 


sin( 2n + \)t 


s n(f > *o) “ =- Jo {f(^ 2t )+f(x 0 -2t)-2s(xo)) 

n sin t 

Write <|>(f) = f(x 0 + 2t) + j\x Q -21) -2 s(x Q ). 


dt. 


Clearly <j> is summable on 


°'~2 


71 


.Take any 8 with 0 < 8 < — We have 


1 ,sin(2n + l)t . 1 


S n (f; x 0 )-s(x g )=-i 0 tyt) 

n sint 


dt + “JgW t )■ 

7t 


sin( 2n + \)t 
sin t 


dt . 


By Riemann-Lebesgue Theorem we get 


(9.4) 


lim If 2 ,, 4 sin(2n + l)t , 

, dt = 0 
71 5 sint 


Suppose that 


lim 

n— >°o 


it™ 


sin( 2n + \)t 
sin t 


dt = 0 


(9.5) 



From (9.4), (9.5) and (9.6) we see that S n (f; jc 0 ) -> ^(a 0 ) as n °°. 
Therefore the Fourier series of/at jc 0 converges to the sum sfjty). 

Next, suppose that the Fourier series of /at x () converges to the sum s(x 0 ). 

Then Sjf ; X(} ) s(x 0 ) as n -> oo. Hence from (9.4) and (9.5) it follows that 

(9.6) holds. 

Corollary 9.5.1. Let the function /be summable on (- 7 L 7 tJ and periodic 
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with period 2n. Then a necessary and sufficient condition for the conve 
gence of the Fourier series of /at x 0 to the sum s(x 0 ) is 

lint 1 5 

/i-»oo Jo ( JlXffrtt) + f(Xg + f(x 0 - 2 t) - 2 s(Xq)} ~ l ( dt = 0 

t 

7L 

where 5 is any positive number with 0 < 5 <— 

2 ' 


Proof: Take any 8 with 0 < 8 < 


n 

—. Write 


¥f) =f(x 0 +2t) +f(x 0 - 21) - 2S(x 0 ) 

and \| f(t) = --— for 0 < t <8 

t sin t 

= 0 for / = 0. 

Since \j/(r) 0 as t 0 +, it follows that \j/ is continuous on [0,5]. So 

4> V is summable on [0, 5]. By Riemann-Lebesgue Theorem 


lim 1 r5 

n->oo~J° 


W) V(0 sin (2 n + 1) t dt = 0 


or 


lim 1 r5w . . 


1 _ 1 _ 

t sin t 


sin (2n+l) tdt = 0 


lim i row . 
or Jo^O- 






sin t 


Hence the result follows form Theorem 9.5. 

Theorem 9.6. (Riemann’s Theorem). Let the function/be summatle on 
[—7t,7i] and f(x + 2ti) =f(x) for all real a*. The behaviour of the Fourier series 
of/at a point x^ e[-7C,7t] regarding its convergence depends only on those 
values of/ which it takes in the immediate neighbourhood of a q . 

Proof: A necessary and sufficient condition for the convergence of the 
Fourier series s(f; a; 0 ) of / at a- q to the sum j(a: () ) is 


lim 1 
»->°° 71 


-1® I Jho+ 2 »+f(x 0 -20- 2s(x 0 )). - rinf2n + Ut dt = 0. 


sin t 


where 5 is any positive number with 0 < 5 < 
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The integral here involves only the values of f(x Q ± 2 1) for t € [0, 8], that 
is the values of f(x) for x in (x 0 -28, * 0 +28). Since 8 is arbitrary it follows 
that the behaviour of s(f; x 0 ) regarding its convergence depends only on 
those values of / which it takes in the immediate neighbourhood of x 0 . 

Theorem 9.7. Let function <j> be increasing on [0, 8] and let 
§(t) = <|) 0 . Then 

X—>0+ 


lim sinh 

Proof: Let \jr (r) = <j)(r) - (J> 0 for 0 < t < 8 and \|/(0) =0. Then t|/ is bounded, 
non-negative and increasing on [0, 8] and b ^ + \y(f) = 0. 


oo sin x 


Since the integral | 0 - dx is convergent, there is a positive number k 


such that for 0 < a < b. 


bsinx 


f 


dx 


< k. 


(9.7) 


Choose any e > 0. We can find a positive number 8' (0 < 8' < 8) such that 


0 < \y {f) < — for 0 < t < 8' 
3a: 


(9.8) 


Clearly the fumction is bounded and measurable on [8',8]. So by 

Riemann Lebesgue Theorem, there is a positive number Aj such that for 

A > A. 


2 r8 i / i sin Xt . 
-Js'WO- dt 

71 t 


1 

<-e 

3 


(9.9) 


Take any A > 0. We have 


2 f 8,. .sinfo , 

-J 0 WO- = 

n u t 

2 f 8/ A/ .sinh 2 r x sin A/ 

- ^ Jo <t>( t )—-— (It + — t ).—-— dt 
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= /, (X) + l 2 (X) + / 3 (X) (say) 

lim , ., , lim 2 M'sin t 

Now j^ h .W-j 1 _ m .-*oJd - 


dt 


(9.10) 


2 , f oo5wr , 

= —4>o Jo 

n u / 


So we can find a positive number A 0 (A 0 ^ A|) such that for A > A 0 


|/| (X) - 4>ol <3 6 

By second Mean value Theorem we get 

h(X)=*v(S')f'^* 

n M t 


where 0 < r| < 8 '. 

2 /cm rnd'sin t. 

= “*» >k n — 

So using (9.7) and (9.8) we get 


dt. 


(9.11) 


\l 2 (X\<-.M^)k 

' n 

2 e , 1 

< —.— .k<-e. 
n 3k 3 

Using (9.9) we get for A > A 0 

Combining (9.11), (9.12) and (9.13) we obtain 


2 r 5 . sin Xt 

- Ltyt) - dt-ty o 

n u t 


<E when A > A 0 . 


(9.12) 


(9.13) 


IZ^<» 


Sill 


Xt 


dt = (h- 


Therefore, 
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Note. 9.1. It is easy to see that the result is also true when <J> is decreasing. 
Corollary 9.7.1. Let the function § be bounded and increasing on [0.8]. 

and let ^”' + ¥') = <t> 0 - Then 


lim 

X —H"oo 



sin Xt 
sint 


<*=<t» 0 . 


Proof: Let \|/(t) - , for 0 < t < 8 and \|/(0) = 0. Sinee \|/(f) —>0 as 

Sill, t t 

r —> 0 +, it follows that \|/ is continuous on [0, 8] and so \jr is summable on 

[ 0 , 8 ]. 

We have 





sin X t dt. 


= lo^O-— —dt +—f >j/(7 jsinXtdt 
n t n 

= l i(ty + I 2 0$ (say). 

Clearly <t>M \|/(r) is summable on [ 0 , 8 ], So by Riemann-Lebesgue Theorem 
/ 2 W -4 0 as A -4 + °° and by Theorem 9.7, /,(A) -4 <|> 0 as A -4 + <*>. 
Hence 


lim 2 fisinXt 


Theorem 9.8. (Jordan s Test). Let the function / be summable on [—n 71 ] 
and be periodic with period 2*. If /is BVon some neighbourhood of the point 

A o e l-n, 7t], the Fourier series of/at * 0 converges to ^ [f(x Q + 0 ) +f(x Q - 0 )]. 

Proof. Suppose that / is BV on the neighbourhood [.v y - 8 () ,+ 8 0 ] of the 

nl A ' () (0 < 8 () < — ). Then f(x () + 0) and f(x {) ~) exist finitely. 

Integration—11 
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1 

Take s(x 0 ) = - [f(x 0 + 0) +f(x Q - 0)] 
and 0(0 =f(x Q + 21) +f(x 0 -2t) -2s(x 0 ). 

Clearly <J> is BV on [0, 5], where 5 = j 5 0 . and 0(0 0 as /-> 0 +. So we 

can express 0 in the form 

.0(0 = (0 - 0 2 (O for 0 < t < 5. 

where 0 t , 0 2 are increasing and non-negative on [ 0 , 5 ] and 0 j(f) —> 0 , 
02(0 0 as / -» O' +. 


7C 


n sint 

n sin t 7 t sin t 


71 

1 f 2 sin( 2/z 4-1 )t 

+r Is HO- — . - 

71 i/n/ 




= I i(n) - I 2 (n) + 1 3 (n) (say). 


1 

Since ^ t is continuous on 

. So by Riemann-Lebesgue Theorem, I 3 (n) -> 0. as n -» oo. 

By corollary 9.7.1. /,(n) -> 0, / 2 («) -»0 as n -> <» 

So S n (f; x Q ) -> s(x Q ) as /? ->o®. Therefore the Fourier series of /at x Q 

1 

converges to the sum — [f(x 0 +0) + f(x 0 - 0 )]. 

Corollary 9.8.1. Let the function f be BV on [— 7 t, 7 i] and periodic with 
period 2n. Then the Fourier series of / at each point of continuity of / 
converges to the value of the function, that is, 

1 00 

/(*) = ~ a o + £ (a v cos v.r + b y sin vx) 

2 ,.=l 

at each point of continuity of f. 



* n 
S ’2 


, the function 


sin t 


is summable on 
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Theorem 9.9. (Dini’s Test). Let the function f • 

periodic with period 2n and let * 0 e [~n ™ th . ™ a e ° n l -71 ’ 71 ! and 

L the function ° ‘ ’* 1 - If,taB 15 «number^ such 

7 W*o +2 *> + ftx r 2t) - 2, Ocj] 


is summable on [ 0 , 8 ] (where 0 < 8 < \), then the Fourier series of/ at 
jc 0 converges to s(* 0 ). 

Proof : Write <K0 =f(x 0+ 2t) +f( X(r 2t) - 2s(x a ). 

Since Mil is summable on ( 0 , 8 ] (0 < 8 < | ), by Riemann-Lebesgue 
Theorem 


Jl t 


dt = 0 


, Hence by Theorem 9 7 ’ lhe Fo “rier series of/at , 0 converges to the sum 

S(Xq). 

Theorem 9.10. Let the function/be summable on [-tc,tc] and periodic with 
period In. If/possesses finite left and right hand derivatives at jc n 6 \-n n] 
then the Fourier series of / at x Q converges to f(x) 0 


Proof : For 0 < t < — , write 

2 


f(x 0 + 2t)-f(x 0 ) 
2 1 

f(x 0 -2t)-f(x n ) 
-21 


-f+(x 0 )=r\\(t) 

-f-(x 0 )=r\ 2 (t) 


(9.14) 


S,nce 4 (x 0 ) and /_' (x Q ) exist finitely ri,(/) ->0, r\ 2 (t) ->0 as t -> 0 +. So 


we can find a 8 (0 < 5 < -) such that r\ ,(f) and t) 2 (/) are bounded on 

(°’ Clearl y ri|(f) and r| 2 (/) are measurable on [0, 5]. From (9.14) we have 

f(x {) + 2t) -f(x 0 ) = 2 1 U+(x 0 ) + ri 1 (/)], 

/(a'q-2/) - f(x 0 ) = - 2 t\f: (x 0 ) + n 2 (/)]. 

So <K/) =/(.v 0 + 2 1) +./( x 0 - It) - 2f(x 0 ) 

~ \f+(x 0 ) — j JXq) + T) | (/) — t”) ojj) 1 
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or Mil = 2\f' + (x Q ) -S2x 0 ) + 11,(0 - r) 2 (»)]• 

¥0 . ¥t) 

Clearly-is bounded and measurable on (0,5) which gives that-- j s 

summable on [0, 5]. Hence by Dini’s Test, the Fourier series of / at jc q 
converges to f(x 0 ). 

Theorem 9.11. (De la vallee-Poussin’s Test). 

Let the function /be summable on [~n,n] and periodic with period 2n and 
let XqE If there is a real number such that the function 

¥(0 = 'Jo lf( x o + 2u ) + f(x 0 -2u)-2s (. x 0 )]du 

L 

■ 71 

is B V on [0,5] (0 < 5 < — ) and \|/(/) —» 0 as t —> 0 +, then the Fourier series 

of / at * 0 converges to the sum s(x Q ). 

Proof: Write (f>(0 = f(xg + 21) + j{x 0 -2t)-2 s(xq). We have 

tx\f(t) =/q<) )(u)du 

So ¥0 = V(0 + t o..e. in [0,5]. 

Since \|/ is BV on [0, 5], \p'(t) is summable on [0, 5]. We have 
" u sin t 

_ f?\| f(t) + - — d t + jiV Y t ).——. sin(2 /i +1 )tdt 
~ u sint u sin t 

Since ijr is BV on [0,5] and \|/(0 —>0 as t —> 0 +, it follows that /'->0 as 

t ~ / 

n oo. [see cor. 9.7.1] Again, - is continuous on (0,5] and - >1 as 

sin t sin t 

f 

t -» 0+. This gives that-is bounded on (0, 5). Since is summable 

sin t 

on [0,5], Mf'(t)- -is summable on [0,5]. So. / > 0 as n —> Hence /„—>0 

sin t 

as n —This proves the Theorem. 
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Dirichlet’s condition. 

A function / defined on [a, b] is said to satisfy Dirichlet’s condition on 
[a, b] if one of the following holds. 

(1) /is of bounded variation on [a, b]. 

(2) /is summable on [a,6],/has finite number of infinite discontinuities 
in [a,b] and if these finite number of discontinuities be excluded by arbitrary 
small neighbourhoods, / is BV on the remaing subintervals. 

Theorem 9.12. (Fourier Theorem) Let the function / satisfy Dirichlet’s 
condition on [-71, 7i] and be periodic with period 2 n and let a 0 € [-7i,7i]. If 
/(*q+0) and f(x 0 -0) exist finitely then the Fourier series of / at jc q converges 

1 

to the sum - [f(x Q +0 ) + /(a 0 -0)] and at ± n to the sum 


^ l/fa-O) +/-71+0]. 


Proof: Since /a 0 + 0) and f(x 0 - 0) exist finitely / is bounded in some 
neighbourhood of a q . Again, since /satisfies Derichlet’s condition on [- 71 , 7 t] 

71 

it follows that/is BV on [* 0 -$, .x 0 + S] for some 5 with 0 < 5 < — , Therefore 

2 


by Jordan’s Test, the Fourier series of /at * 0 converges to the sum - \f(x Q +0) 

2 

+ /<V-°)]- Suppose that/(7t+0) and /(7t-0) exist finitely. The Fouries Series 

1 

at n converges to the sum - [/f7t-0)+/(7t+0)]. Since f(-n + t) = /( 7 t +0 for all 


t. /(—7i+0) =f( 7i+0). Hence the Fourier series at 7t converges to — [/f7t-0) + 

2 

/f-7t+0)]. Similarly Fourier series at-7P converges to — +/(-ti+0 )]. 

Theorem 9.13. Let the function/be summable on [-7t,7t] and periodic with 
perodic with period 2 tl If 


1 


oo 


f(x) - — a () + X (a cos vx+bv sin va), 

1 V=1 

then for all x in [- 71 , 7 t] 
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f n 7 (t)dt = x + ilo(a v cos « + sin W) <*. 

Further if/ is square summable on [-7U,7t], then the series on the right 
converges uniformly on [-n ,7t]. 

Proof: We define the function <|> on the real line as follows. 


«*)=J£l/W-r*o 


f for-7t < x < n 


and 0(a+27i) = 0(a) for all real x. 

Then 0 is absoutely continuous and so BV on [-n,n]. Hence by Jordan’s 
Test 


1 00 

(JX*) = T A 0 + S (A cos vx + B sin va), 

Z v=l 


(9.15) 


for all x in [-7t,7i], where the series on the right is the Fourier series of <|> 
on [-n, 71 ]. 

For any v > 1, we have 

A v = — j n 0(a) cos vxdx 
n 71 


n 


Wx) 


sinvx 


-in 


-n 


— f 71 
nv ~ n 


f(x)-^ a o 


sin vxdx 


1 rn 


= - —/"/( x) sin vx + — J" sin vxdx 
nv nv 


bv 


B v = — 0( *)sin va dx 

v n 71 


J_ 

7C 


0(A) 


COS VA 


-V 


T71 


-7C 


+—r 

7tV J 71 


f(x)-j a o 


cos vxdx 


1 


nv 


[0(7t) cos v n - 0 (-7t) cos \>n] 
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_ _L [ n f(x)cos vxdx - — J" cos vxdx 
+ _ . J-n J ' ' nv n 


a 0 rn 


= — [-.-♦<«) = ♦(-«)! 

V 

Putting x = 0 in (9.15) we get 


0 = ”A)+ £ A v 

1 V=1 


1 00 00 h 

or iA 0 = -SA v = Sf 

L V=1 v-\ v 

For any x in [- n, n] we have 

J* (a v cos vt + b v sin vt) dt 


(9.16) 


sin vt , cosvt 
a„ - b„ - - 


I by b., 

— sin vx - cos vx + — 

v v v 


2Jo (a v cos vt + by sin vt) dt 


= £ „ + ^ (A cos vx + B sin vjc) 

, »i— I V li—l v * 


1 00 

T ^0 + X (Ay cos v* + By sin vjc) 


= 4>(x)= Jo' 


Jo/f ' W' - ~"o* 
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Hence 

j *f(t )dt =jao x + |Jo ( a v cos Vt + bv S ' n Vt)dt ' 

Now suppose that /is square summable on [ -n, n]. By Bessel s inequality 
we get 



Choose any £ > 0. From (9.16) and (9.17) we see that the series and 

X(«v + V v) are convergent. So we can find a positive integer n 0 such that 
for m > n > riQ 




<8 


v=n 


m h 
v 

m 1 

Z-<£ 

v=n V 


(9.18) 


Take any two positive integers m, n with m > n > n Q and any x in 
[-n, n], Then 

m . 

2 J(a v aw vt +b v sin vt)dt 

v=n 0 



< e + £ =2 £ [using Cauchy's inequality] and (9.18) 
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Hence the series 

1 °° 

— ( 1 qX+ 2 Jo( fl v cosvt + b v sin vts)dt 

2 V=1 

converges uniformly on [-7t,7t]. 

Corollary 9.13.1. If the function / is summable on [—7i,7i] and 

b n 

f(x + 2 ti) =f(x) for all real x, then the series X—converges, where 

b t = — CL f(x) sin nxdx. 
n n n 

The result follows from (9.16). 

Lemma 9.1. For all real number x, the series 


sin vx 


X— 

v=\ v 


(9.19) 


converges and 

" sin v* _ 1 — 

X- <2yjn 

V=1 v 

for all real x and any positive integer n. 

Proof: Take any x in (0, 71 ). For any positive integer n, let 

A sin vx 

s * (x > = ■ 

Choose any two positive integers m, n with m > n. We have 


sin vjc 


|S,„«-S„«|= I — 

V=/J + l v 


1 X ™ 

=-cosec- X 

^ V=/I+l 


~ . . * 
2 sin vx sin — 


1 a- ™ 1 \ ( n ( n 

- — cosec— £ - cos v — x - cos v + — Lv 

2 2„ =n+1 v 2) l 2 
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cos n + — jc . , 

1 a V 2 j , f 1 

— cosec -+ 2j - 

2 2 n +1 v=n+i\ v + l 


1 1 I n 

— cos v + — x- 
vj l 2 


cos n + - y 

V 2 r 


1 JC 1 Hfl 1 A 1 

< - cosec--+ X-l + — 

2 2[n + l V=n+1 vv v + i; m 


x 

cosec— 
_ 2 

n + 1 


—> 0 as m, m —>oo 


Therefore the series (9.19) converges. 


Now let * e(0, ft). Take any positive integer n. If n < —, then 

JC 


| S n (x)\ < <nx<yfn< 2yfn 


V = 1 ^ 


v • ^ 

Suppose that n > -. We can find a positive integer q with 

JC 

q 2—< q +1. 

JC 

We have 


cosec 


X A 2 ( x/2 


2 ft r~ 
-= — -yjn 


SJx) - S (x)\ < - ,<-7=1 -7 <-7 =- = Vtc 

1 ” «' n 9 + 1 JH{sm*/ 2 ) -Jn 2 

or IWI s I S „M - l+|S,WI< Jn + -Jn= 2-Jn ■ 

S' nce S n (0) =S n (jt) = 0 and S n (-x) = - SJx), the proof is compl ete 

Lemma 9.2. For 0 < a < b < — 

~ 2 

( bsin( 2/i + 1 jar . ( . r- 

hi - - dx < 4Vft + — 

.VI/? -V l ? • 
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Proof: Let a and b be two real numbers with 0 < a < b < ~ . We have 
for any real x. 

sin(2n + l)x _ ^ 7 g cos 2vx 
sin x v=l 


So 

Therefore 


f b sin( 2n +1 )x , " sin 2vb- sin 2 va 

SI -:- dx = (b-a)+ £-- 


sinx 


V—1 


r b sin( 2n +1 )x 
—- dx 

*Cl 


sin x 


<(b-a )+ 


”, sin 2 vb 


V=1 


”, sin 2 va 

Zj 


V=1 



Theorem 9.14. Let the function / be BV and continuous on [-n, n] and 
be periodic with period 27t. Then the Fourier series of /on [-n, n] converges 
uniformly to/on [-n, n]. 

Proof: Clearly/is BV and continuous on any finite interval; in particular 
on [-2 tc, 271]. By Jordan’s Test we get 


1 00 

f(x) =T a o + £ (a y cos vx + b y sin vjc) for all real x, where the series 

on the right is the Fourier series of/on [- 7 t, 7 i]. Take any jc in [- 7 t, 7 t] and 
any positive integer n. Then 


S n (f; x) -f(x) 



sin( 24 + 1 )t 
sin t 


dt 


where §(x,t) =f(x+2t) + f(x-2t)-2f(x). 

We can express / in the form 

/ = f\~h 

where/j and f 2 are continuous and increasing on [-2 ti, 2tc]. Clearly and 
/ 2 are uniformly continuous on [-2 tc, 271]. 

7t 

Choose any e > 0. We can find a positive number 5 0 with 0 < 5 0 < ~ such 
that 
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for all x"\n [-271, 27c] with |x'-*"|<5 0 . 

Take a =~S n and any * e [-71, n] and any positive integer 
4 ^ 


We have 


s n (f; X) -f(x) = n i0 




suit 


7t 




n ■** sin t 

= 7 //^ + W (say). 

Now 7„fo) = 7,J(x )-1 „(x), where 


Urw ,,..,1 sin (2n + l)t ± 

sin t 

a sin (2n + \)t 


4 Jo {/i(*- 2 0-/rf4 

JL 


= -{/,Tx + 2aj-/,fx;}J“ 

71 s 

1 r w r/ ,i r a^¥2m+l> ^ 

+ ” {./if (x - 2a) - fi (•*)} L-—- dt 

7E 1 Jf/?/ 

[ Using second Mean value Theorem) 

where 0 < r| < a. 


So 


^1 

* 

IA 

1 ^ 

:| m 


I l 7l 20' 

U J 


8 

< — 
7t 


Hence 


| 7 «(^)|<— <e 

7t 


Now consider JJx). 


Let k = max [\f(x)\ : - 71 < a* < 7 t} 


1 + 4* 
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Then \tyx,t)\= \f(x+2t) + f( x - 2t) - 2f(x)\< 4 k. 

Since f(x) and sin x are uniformly continuous on [-2 n, 2n] we can find 


5 




such that 


I f( x ) ~f(x )|< 2 m anc ^ | sin x -sin x"\< 
for all x', x" in [-271, 27t] with | x-x"\ < 8. 

T n 

Let a - t Q < < t 2 < — t fn = ^ be a subdivision of 

1 

max < “ 6. 

We have 

1 m -1 i i+ 1 

J n (x) =- £ J \| r(x,t) sin (2n+l) t dt, 

n i =o n 

where \\f (x, t) = <Kjc,f)/sin t. 

1 m -1 / t+ j 

=- I J, {V(^.0-VfA:,/j}sin (2n+l) r* 

71 1=0 ‘ 



1 ,?,_1 6/+1 

+ — £ V( )\ sill (2n +1 )t dt. 

n i =0 bi 


= ./„'(*) + (say). 


Now |\j/(-*,/)) = 




Ji/7 t 


4 k 


( 7t 

I a <t < — 




5Z/I £Z V 


For ' s t i+t 

| 0U\ 0 - <j)(jr,r ; )| 

< U-v + 2t) -J( X + 2(,.)|+| Kx-lthfix-ltJ] 



;md IVCv. l) - /,) | = 



Wxjj) 

.V//I t 

sill tj 
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< cosec 2 a { - <K*,f,v)|+|<l>(*^| I sin 1 - sin fj} 


< cosec 2 ^ 


4k, 


M 2 M 

( 1 + 2 k ' 
i+4k 


= (1 + 2 k) 


M sin 2 a 


. e < e. 


So 


and 


* i=0 ' JI 


/ 


*-o 
2 


^ 1 


<-£, 

2 




—> 0 as « —> oo. 


nsin 2 a 2« + l 
So we can find a positive integer n Q such that 


n 


n(x) 


1 

<“£ when n > n Q . 


Hence for n > n 


o 


J n Wl < e . (9.22) 

From (9.20), (9.21) and (9.22) we obtain 

I S n (f; x) -f(x) | < 2e 
for all x in [~n, tl] when n > n Q . 

Therefore (S n (f; x)} converges uniformly to f(x) on [-n, n]. 

Theorem 9.15. Let the functions / and g be summable on [~ 7 t, 7 t] and be 
periodic with period 2n. Let 


1 


oo 


f( x ) ~ T % + £ (a cos vx + bv sin vjc), 

Z p=l 


1 00 

g(x) ~ r a o + S (a cos vx + b v sin v*). 

^ V=1 v 

If one of/and g is BV on (-71, n]. then 



Proof: Suppose that / is BV on [-7t,7t|. Then f is continuous on [-71 n\ 
except a countable set. By Jordan Test S„ <f;x) -» fix) a. e. on [- 71 . ji]. We 

now show that the sequence {SJf; x)) is uniformly bounded on [-71 7 tJ. Let 
*0 be any point in f-7t, tc]. Then 
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71 


1 f 2 


=-J 0 U(x 0 +2t) + f( x (j-2t )} 


sin( 2n + \)t 
sin t 


dt 


= Ij 


sin l 


where <Kr) =f(x 0 +2t) + fix g - It) 


Clearly (() is BV on 


“■! 


. We can express (|) in the from (j) = (j> ^ where 


()>! and <J> 2 are non-negative and increasing on 
<t> 2 (0) = 0. So 



and <^(0) = 0, 


71 

1 f 2 


<n v= ji; $ ^ <t) ^ni dt 

n sint n sin t 


n 

1,2 


= * 
n sint n 


i 


2 sin( 2n + \)t 


sin t 


dt 


where 0 < r\ < 


n 



Using Lemma 9.2 we get 


\S„(f;x^\< —I-+4Vjt 

71 1,2 


( 


\ 


) 


(9.23) 


where k = Sup {|f(x)|: - 7i < x < 7 t}. 

Since x 0 is an arbitrary point of (-71, it] it follows from (9.23) that 
»^/i (ft *)) is uniformly bounded on [- 7 t, 7 i], 

The function g is summable on (-71,7t(. So by Lebesgue doninated con- 
vergence Theorem we have 


lim 

II—) oo 


J- n # (x > s n( f X) = \ n n f (-V )g( .v )dx 


(9.24) 
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Now 

l- n 8< x > S « <f: x)dx 

= -“ol-*S< x ) dx + i{aXn8< x > cosvxdx + b '’\-K S<x)sinvxdx ) 

2 y=I 

= Tti — CIqCLq + + 

[2 v=l 

Hence from (9.24) we obtain 

-«0“o + I( a v«r + *A) = xM*#*. 

2 v =i n 

Corollary 9.15.1. Let /be summable and periodic with period 2 n. If u be 
any point in [-n, n], then 

1 00 

j“f(x)dx = -a 0 u+ 2 (a v cos va + bv sin vx) dx. 

2 v=l 

Proof: Let 0 < 2 < n. Define the function g on as follows. 
g(x) = 1 for all x in (0, u) 

= 0 else where in [—tc, n ] 

Further g(x + 271) = g(x) for all real x. 

Then clearly g is BV on [-7t, n]. So by 
Theorem 9.15 we have 


-I^ n f( x )S(x)dx = ^a 0 a 0 + £ (a v a v + b v p v J 
71 2 ,, = | 


(9.25) 


where 


1 


co 


f(x) ~ -a + 2 (a cos vx + b y sin vx) 
2 \’=1 


g(x) ~ - a () + X (a r cos va +P r sin vx). 


1 = 


N(>W l- n /( -V > A Wa = j,"/Y A klv 
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and 

a v « v + b v Pv 

= — [ a v Ctj S( x ) cos vxdx + b v g( x) sin vxdx^ 

= — \"(a v cos vx + b v sin vx )dx . 

71 

Hence substituting in (9.25) we obtain 


J 0 f( x )dx a 0 u+ 2J 0 ( a cos vx + jj s i n VJC ) fa . ( 9 . 26 ) 

V=1 

If - 71 < M < 0, define g by g(x) = 1 in (u, 0) and g(x) = 0 in [-71, 7t] \ (m, 0) 
and g(x+2n) = g(x) for all real x. 

Proceeding as above we see that (9.26) holds. 

Corollary 9.15.2. Let/be BV on [-71, n] and periodic with period 271. Then 

“ fl 0 + +b v) = -l* n f 2 ( x )dx, 

1 v =i n 


1 00 

where f(x) ~ 2 ( a v cosvx + b v sinvjc). 

The result follows from Theorem 9.15 by taking g =f 

Theorem 9.16. Let the function / be square summable on [- 7 t, 7 t] and 
periodic with period 2n and let 

1 v 

f( x ) ~T a o+ L (a v cos vx + bv sin vx). 

L V'=l 

Then 


+ 

Proof: Choose any e > 0. Then there is a function g absolutely continu¬ 
ous on [-71, 7t] such that 

71 

Define g outside [-71, 7t[ by periodicity with period 271. Let 
Integration—12 
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g(x) ~T a o + S (a v cos vx + (3,, sin vx) 

** r=l 


Then f(x)-g(x) ~ Ua 0 -a 0 )+ £ [(a -a v ) cosvx+(b x r P v ) sinv *l 

2 i’=i 

By Bessel’s inequality we have 


i( fl0 -a 0 ) 2 + i[( a „-a v ) 2 +(* v -P 1 ,) 2 ]<2j_\|/-«| 2 *<E. 


V —1 


(9.27) 


Since g is BV on [-71,7C], 


±«8+£K + P 2 )^ 2 ^ 

^ r=| 


i-a 0 K-«o)+ £[a.K- a v) + Pv(^-Pv)] 

2 V= 1 71 


Choose positive integer jV such that for n > jV, 


^ a 0 + +Pv) 

7t 2 v=l 


< e 


... (9.28) 


-\\z( f - s) dx ~ 

n n 


1 91 

— (Xq((/q — 0Cq)+ S{^v(^v — ®v) Pv(^v — Pv)} 


i>=I 


< E 


... (9.29) 


Let 


s n = |«o + s(a 2 +p 2 ). 


T„ = n «a («o - «) + 2 (a,. (</,, - a,,) + p, (*,.-P v .)} 

L l' = l 


n 


= 2 K-«o> 2+ £ I<«, - a^+ffr.-P,.) 2 ). 
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Since a] - [(« 0 - a 0 ) + a () ] 2 = a l +2a 0 (tf 0 -a 0 ) + ( a 0 - a {) ) 2 

^ r 2 

a v =[a v +(a v - a,,)] = a] +2a„(a v -a„ ) + (<*,, -a,,) 


b l =[Pv+(6,,-p„)f =pj +2 p t .(fc„-|3,) + (fc 1 ,-p„) 


we have 


2«o + i(«?+K 2 ) =Sn + 2 r„ + ft i ,. 

Take any n > N. Then using (9.27), (9.28) and (9.29) we get 




1 f7T 


7«o + i(«v 2 +*?) 

Z V=1 ' 


+ g j\ dx (S n +2 T n + R n ) 


^-j* n g 2 dx-S„ 

71 1 


+ 2 


1 r7l 




< 5 £. 

This gives that 
1 


2 "0 + S ( a v +b r) = ~ I", f 2 dx. ■ 

1 V .=E ' n n 

Note : This result is known as Parseval’s Indentity. 

Theorem 9.17. (Ricsz-Fischer Theorem). 

Let a & flj, a 2 .; /?,, b 2 , b 2 .be two sequences of real members such 


f oo 

r«ii+l («, 2 ^, 2 )<+~. 

i'= 1 

Then there exists a function/square summable on \-n, n\ such that 


f(.\) ~ -a {) + S (a cosx + />r .v/7» r.v) 


\~ I 
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and — l* n f 2 dx - — Oq + £ («? +b v). 

1 °° 

Proof: Let S='Z a o + E( a ? + b v). 

L v=l 

Choose the sequence { n r } (n t < n 2 < n 3 < ....) of positive integers such 
that 

V/ 2 •, 2 \ S 

E (a„ +b v )< — ( r= li2 ,3,...). 

v—n r £ 


1 "■ 

^ et /o(*) = T a o + ^ ( a „ cosi; *+&v sin vx), 
^ 1/=1 


"r+I 

//■*) = X cay vx + bv sin vx) (r= 1, 2, 3.) 

v=n r +l 

We have 


!- n fo(x)dx = n 


and 


\- n fr( X ^X = 71 


By Cauchy’s inequality we get 
\ n n \.fr(x\<k^J2x{\* n f?(x)dxY 


(r = 0. 1,2, 3,...) 

This gives that 

1 £jf,.<x)\dx < njls £—<+<». 

<•=« r=o 2 r 
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Therefore the series ^f r (x) converges absolutely a. e. to a function f(x) 

r=0 

which is summable on [-71, 71 ]. (See Th. 7.7) 

Let r be any positive integer. Then for any integer m > 0, 

1- n \f m (x)fr(x)\dx < {j^ f*(x)dx^ {£ f}(x jdx}* 

< _ 715 

~U” 4 r J ~ 2 m+r * 

Since flxtf/x) is measurable and 


1 ■ /W/ ' W| £ ,„?o 1 f "' (X> ^ 

l” n \f(x)fr(x)\dx< £ Z n \Ux)f r (x)\dx 

ni—0 

— y 1 _ 2ns 
- 2 r nio 2 m ~ 2 r • 


Soj* n f 2 (x)dx < £ | f(x)fj[x)\dx < 4ns < + 00 

r=0 

Hence f(x) is square summable on [—rt, 7t]. Let n be any non-negative 
integer. We have 


\- n f 2 (x) cosnx 


00 


dx = Z L n / r (x) cosnxdx 

r =0 



\" n f (x) sin nxdx = £ J_ n /r (jc) sin nxdx=nb„ 

r =0 ” 

Thus a 0 ,a v a 2 , ft,, ft 2 > by .are Fourier coefncients of/on [- 7 t. ji]. 


f* n f 2 (x)dx = S f* f(x)f r (x)dx 
r =0 


- 71 


~«0 + I («? + h v ) 
* r=0 


= 71,V. 
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This proves the theorem. 

Theorem 9.18. Let the functions / and g be summable on [-71, 71 ] and 
periodic with period 271. If they have the same Fourier series on [-7t,7i|, th en 
fix) = g(x) a.e. on [-7i,7tJ. 

Proof: By Theorem 9.13. we have for-7t < x < n, 

jnf( x )dt = —a Q x+ £J 0 ( av CO s\)t + b v sin vt)dt 

L V —1 

1 00 

and Jq 1 — — a QX + Xj 0 (acosvt + b v sinvt) dt. 

1 \-=l 1 

So <j)(x) = J Q ' [f(f)-g{r)]dt = 0 for -n < x < n. 

Then §(x) is absolutely continuous on [-71, n] and (|T{jO = 0 a.e. on 
[-7t, 7i], Since <$>'(x) = fix) - g(x) a.e. on [-71, n]. fix) = g(x) a.e. on [-7t, n], 

Cesaro or (C-l) sumniability of Fourier series. 

Let be a sequence of real numbers. Let 
1 

G n = n ( J I + s 2 + - + ( ,1=1 ' 2 ’ 2 .). 

If the sequence (ct„} converges to /(say) we say that the sequence {^} 
is ( c , 1 )summable to /. If the sequence {j m }co verges to /, then it is easy to 
see that > l as n —> °° and so {*„} is (c, 1) summable to /. But the converse 
is not true. This can be shown by an example. 

Take s n = (-1)” _, (// = 1,2,3,...). Then {.yj is an oscillatory sequence. We 
1 

have a. = —if n is odd and a = 0 when n is even. This gives that o ->0 as 

fl JJ n // 

n —>oo and so { s /} } is (Cl) summable to 0 (zero). 

An infinite series Eu /f is said to be ( c. 1) summable to / (say) if the 
sequence [.?} is (c,l) summable to L where .v„ = ti,+ it-, + + u (n = 1, 

2, 3....). 

Theorem 9.19. (Fejer’s Integral). 

Let the function / be summable on [-71, 7 t| and periodic with period 2 ji 
md 
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oo 


f(jc) ~ 2 a o + ^ (°v cosvx +b v sin vx). 
For x € [—7t, 7iJ and positive integer n , 


it 

1 ,2 


<f: X> = lf< x+2 ')+f<x-2')] (sin "' V 


y Sint J 


dt, 


where 


°n(f’ X) - n [S Q {f. X) + S { {f; X ) + S { (f; x) + S 2 (f ; x) + ... + 5 /( _ ; (f ; x)], 

1 1 n 

qU • x ) — 2 a 0 anc ^ SJf; x) = — Qq + X (a y cosvx+b y sinvx). 


Proof: By Dirichlet’s Integral we have 


71 

l r- 


S„(f;x)=- j' \f(x+2t)+ftx-2t)] 
So 


sin( 2 n +1 )t 


dt. 


U ” sm t 

*W ’ x) + Sj(f; x) + S 2 (f ; x) + — + S n ^ {f; jc) 


71 

1 ,2 


=-/« [/(•* + 2 ') + /(*-2')] l 


V sin ( 2v +1 )t 


dt 


Now 


v=o sin t 

2 sin t sin (2v + 1)7 = cos 2v t — cos 2 (v + 1)7 


»-l /»-! 

and 2 sin 7. £ sin (2v +1)7 = L [cos 2 vt - cos 2 
» ,= o '-=0 


(v + 1) 7] 


= I- cos 2nt = 2 sin 2 «7. 


Therefore 


°= ~Jo [f{ x+ 2 ') + f < x - 2 ')] 


/ • N 

Sill lit 


sin t 


dt. 


Theorem 9.20. Let the function/be summable on [ -tt, tc] and periodic 
with period 271. Then a necessary and sufficient condition for (C.l) summabilily 
°l the Fourier series of/at .v () e [- n. 7i] to 5Y.v () ) is that 



176 


A COURSE OF LEBESGUE INTEGRATION 


lim 1 

n —»«> 


±#/K + 2,) + /r,o -20-24*0 = 0, 


71 


where 5 is any positive number with 0 < 5 <~. 

Proof: Let x Q e [-it, n] and n be any positive integer. By Fejer’s Integeral 
we have 


n 

1 ,2 


o n (f’ x o) = —Jo f ( x 0 + 2t )+.f(x 0 -2t)J 
nn u 1 

By actual evaluation we get 


f sin nt^ 2 




sin t 


dt. 


J 


. 2 sin nt 
'° ~sint 


\ 


) 


, nn 
dt -—. 
2 


Write <K0 = f(*o+2t) + f(x 0 -2t) - 2 s(x Q ). 

Then <j )(t) is summable on any finite interval. We have 


n 

1 ,2 


f . \ 2 

sin nt 


<f>' V ~ Sf*o> =—J n [/T*o+ 2 ') + f(x 0 -2t)-2s(x 0 )] 

nn u 


^ sin t j 


dt. 


2 « 

1 rSx/ (sinnt ] . 1 f 2 (sin nr 

—J 0 >O —- <*+— J 5 0TO—7 

mr u l sw t nn° [ sin t 


J 


\dt 


Now 


= /„ + 4. (say) 


71 


(wher 0 < 5 < — ) 
(9.29) 


K 


\ J „\ ^ ^r d ' -> 0 as « 


nn “ sin t 




that is. 


lim 

//—>oo 


y.. = o. 


n 


> • • • • • 


(9.30) 
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Suppose that l n —> 0 as n «> o as n —» that is. 


tim 1 f 5,,, (sin nt 


\2 


J 


dt = 0. 


(9.31) 


Then from (9.29), (9.30) and (9.31) we see that G n (f; jcq) —>0 as n —>°°, 
that is, the Fourier series of/at x Q is (c, 1) summable to s( jc 0 ). Conversely 
suppose that a n (f; x Q ) 5(* 0 ) as n oo. Then from (9.29) and (9.30) we see 
that l n 0 as n -*», that is, (9.31) holds. 

Theorem 9.21. (Fejer’s Theorem). Let the function / be summable on 
[-it, n] and be periodic with period 2 n. If at the point jc 0 e [- 71 ,7t],/(jc 0 +0) and 
/(Xq-0) exist finitely, then the Fourier series of/at jcq is (c, 1) summable to 

\[f(x 0 +0)+f(x Q -0)] 

Proof: let x Q € [-tc, n]. Suppose that/(x 0 +0) and/(jc Q -0) exist finitely. Let 
n be any positive integer. By Fejer’s Integral we have 


~ \2 
V =~Jo" V( x u + 20 + f(x 0 -2t)] Sl " M 


V 


sin t 


) 


dt. 


1 


Write s(x 0 ) =- \f(x 0 + 0) -f(x Q - 0)] 

and tyt) = f(x Q + 20 + f{x 0 - 2t) - 2 s(x 0 ). 

Then <j> is summaable on any finite interval and <JK0 -» 0 as r->0+, 


7t 


Choose any e > 0. We can find a 8 (0 < 8 < —) such that 

2 


| tyt)\ < e for 0 < t < 8. 


Now 


1 f s,, .1 sinnt 
' V -s(Xq) = — .Uf' 


\2 


nn 


sin t 


71 

1 ,2 


y 


, 1 f *■ ,, ,i sm nt 
dt + — L «r 

/m v 5m t 


\2 


r/r 


y 


= + Ai ( sa y). 


K 


J * 

1 nn 


f sin nt^ 2 


sin t 


dt 
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e f s 
5 me 0 


sin nt 
sin t 


d,<-U Q 

Ml 


— 

1 f sin nt ' 


sin t 


dr 


J 


< e 


and | J n \ < — | s 2 -* 0 as n -> «>. 

nil sin ~ t 

Hence we can determine a positive integer n {) such that 
| J n | < e when n > n Q . 

So | G n (f; x Q ) - s(x 0 ) | < 2 6 when n > n Q . 

Therefore o (f; x^) = s(x {) ). 

n—*°° 

This completes the proof. 

Corollary 9.21.1. Let the function / be summable on [-n, n], and be 
periodic with period 2n. If at x 0 e [-7t,7i], f(x Q +0) and f(x 0 - 0) exist finitely and 
the Fourier series at .v 0 converges, then the sum of the series is 

2 lf(*o + 0) + /^ v o _ 0)]. 

Theorem 9. 22. (Lebesgue). Let the function/be summable on the interval 
[—u, n] and periodic with period 2tt. If x {) €(-n, n) is a Lebesgue point of/, 
then the Fourier series of /at a () is (C, 1) summable to/fA' 0 ). 


1 

Proof : Let f(x) ~ ~ a {) 



(a y cos vx + b sin vx). 


S() (/ >’ x) - _ fly, S /t (j; x) 


1 /i-i 

“ (Iq + ]T (a y cosvx + b y sinvx) 


and ojf; x) = “ [ s () (f; x) + 5, (f; a) + S 2 (f; x) + •••+ S^tf.x)]. 


Suppose that a () e (—71. n) is a Lebesgue point of / By Fejer's Integeral 


a 




^ V/// /// 


A/71 


V//7 / 


d/. 


(9.32) 
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where <JM -f(x {) + 2 r) + f(x 0 - 21) - 2/f.v () ). 

Let V|/(7) = } ( j |<j)(«)| du. We have for h (* 0), 

V(h) 1 f /, i 

~ h f< x o +2 »-fU 0 )\ dr | + -|" |/Ca- 0 - 2rJ -/fjt 0 )|*l 

-> 0 as h —> 0 [vjt 0 is a Lebesgue point of f]. 

Choose any e > 0. We determine a (0 < a < —) such that 

yV(fj<eforO<M<a. ... (9.33) 

Take any t in (a, — ). 

Since 1 < —— < — , we have 

sin t 2 

f \2 

J_ sin n t j < [ 1 1 n 2 

n ^ sin t J n s i n - f n 4/ 2 

1 K 2 

< • ~ —> 0 as n —> oo. 

n 4cx“ 

Determine positive integer n n (> —) such that 

u a 

, / . \2 
1 sin nt 

~' ~~~ < £ when n > n n . 

n ( sm t J u 

ir 1 

11 h > // () . then — < a. ; so from (9.33) 


I 1 

n \i/ ~ 

\n 


< E 


(9.34) 
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Take any n > n 0 . We have from (9.32) 


1 t n (sinnt 


\2 


dt 


1 ra M , .fsinnt'' 2 


y Sin t J 


n 

dt+ — la wo¬ 
rm u 


/ • \ 2 
1 sin nt ' 




sin t 


dt 


- I\(n) + l 2 (n) + I 3 (ri) (say) 


••• 


(9.35) 


2 - 

\I 3 (n)\ < cosec a f 2 \§(t)\cu —> 0 as n —> OO' 
nil a 


Determine positive integer n { (> n 0 ) such that 
J / 3 («)[ < £ when « > n, 


• •• tn 


(9.36) 


tod 

nil 


/ • \2 
' sin nt 


sin t 


dt 


2_2 




«7C 


n ( 1 ] n 
- —mi/ — <—£ <e 
4 /i 4 


(9.37) 




( . \2 

M/I /?/ 


5/n / 


dt 


nn 1 sin 2 t 


n 
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, ft ,aV(t) 
8n J i P 

n 


dt 


= I jin) + I 'jin) (say) 


I I'jin )| = 


71 

\|/(a) 

4/2 

a 2 


2 

/Tty 



< 


ny(0L) l 

' • — 

4a 2 n 


n 

V ¥ 



< 


7t^r(a) 1 

~ 2 -+ e 

4a n 


—> (0 + e) as n —» oo. 

Determine positive integer /z 2 (> /i^ such that 

| / 2 (n) | < 2e when /i > n 2 . 

For any n > n 2 , 


(9.38) 



JK ra V|/(Q dt_ 

4/i 2 r V 


7te 

4/2 


f a^ 

J !, 2 


Tie 

4n 



'Ji 

H 


nt , to 
4/2 4 


From (9.35) - (9.39) we obtain 

I a /j (/ •' A o) I < 5e when /; > /?-,. 


(9.39) 
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So l,m a (f; x 0 ) = f(x 0 ). 

n —»<* 

Hence the Fourier series of /at x^ on f— tc, Tij is (c, 1) summable to f(x^). 

Corollary 9.22.1. Let the fumction/be summable on [-71, n] and periodic 
with period 2 71. Then the Fourier series of /on [-71, tc] is (c, 1) summable to 
f(x) a.e. on [—71, 7i]. 

Corollary 9.22.2. Let the function/be summable on [-7t, 7i] and periodic 
with period 2 ti. If the Fourier series of/on [-7t, tc] converges to s(x) a.e., then 
s(x) = f(x) a.e. on [-7t, n]. 




CHAPTER—X 


DENSITY OF SETS, APPROXIMATE CONTINUITY 

AND DIFFERENTIABILITY 


Density of sets 

Let £2 denote the set of all real numbers and p & p* denote the usual 
lebesgue measure and Lebesgue outer measure on £2. We consider in this 
chapter only sets of real numbers. 

Definition 10.1. Let A be any subset of £2 and let a be a point of £2. For 
any positive number h let 0 = [ Xf x +h]. 

Then 


lim \i*(An$) // m . p*(And) 

sup --- and mf — -- 

pd h—±Q J 


/ i —>0 


are called respectively the right upper and right lower densities of A at jc.If 
these densities are equal, their common value is called the right deusity of 
A at x. Similar definitions for left densities are given. If the right and left 
densities of A at at are equal, their common value is called the density of A 
at x. Since p (A n $) < p ($ ), it follows that none of the four densities can 
exeed unity. If the density of A at A' is unity, then a is called a point of density 

and if the density of A at a is zero, then a is called a point of dispersion of 
A 


Theorem 10.1. Let A be a subset of £2. Then almost all points of A are 
points of densities of A. 

Proof: (I) We first suppose that A is bounded. Let {Aj (0 < A,< A 3 < ...) 
be a sequence with lim A /; = 1 and let E ( denote the set of all points of A 
where the right lower density of A is less than A.,-. Take any positive integer 
n. Consider the set E n . Let a €£ ;j . Then there is a null sequence (h { >0) 
such that for all / 


p*f Anftj) 


< A 


( 10 . 1 ) 


where 0,=|a, a + /». |. Let .Tdenote the family of all closed intervals fl f . thus 
associated with the points of the set E ;| . Then .‘Tcovers the set E in the 
sense ol Vitali. Choose any e > 0. By Vitali’s Theorem we can select finite 
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number of pairwise disjoint closed intervals A,, A 2 , ..., A N from the family 
such that 

2li*(E„nA i )>ii*(E n )-e 

i=l 

N 

and 2 mA,- <)i*(E n )+z 

i=l 

Using (10.1) we get 

IV , N 

» * (E n ) -e < X M *( E n n A t ) < 2 M* (A n A ) 

i=i /=i. 

N 

< ZA,) < jn * ^ + e ). 

i=i 

Since e > 0 is arbitrary we get 
M*(/y < 

This gives that n* (E„) = 0 [ v 0 < A„<1]. 

Let E denote the set of all points of A where the right lower density of 

A is less than unity. Then E ' =|J„=i E n , Since \i*(E n ) = 0 for every n, 

M (E )— 0. Let E denote the set of all points of A where left lower density 
of A is less than unity. Then as above j \i*(E") = 0. Write E-E'\jE". Clearly 
li*(E) = 0. If x eA\E, then density of A at a: is unity. 

(II) Now suppose that A is unbounded. Write A n - (-n, n) n A. Denote 
by E the set of all points of A where the density A is unity and E n the 

corresponding set for A„. Then E = (J £ /( . By case I, M + (A ;j \E /; J = 0. Since 

A n \E c A n \E n , (A n \E) = 0. Now A\E = (J^j (A /; \ E). So [X*(A\E]=0. 

This proves the result. 

Definition 10. 2. Let A { and A 2 be two subsets of Q. The sets A { and 
A 2 aie said to be meliically separated if for every 8 > 0 there are open sets 
C, D j4j and G 2 Z)A 2 such that 

M (G l n G 2 ) < 8. 

From definition we obtain the following result. 

Theorem 10.2. (I) 11 the sets A and B are metricaly separated, then 
\i (A n B) = 0. 
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(2) Let the sets A and B be such that p*(AnB) > 0. Then A and B are not 
metrically separated. 

(3) Let the sets A and B be metrically separated. If E c A and F (zB, then 
E and F are metrically separated. 

(4) If the set A is metrically separated from the sets B x and B 2 , then A is 
metrically separated from u Z? 2 - 

Theorem 10.3. Let the sets Aand B be not metrically separated and let 
{A^} be an increasing sequence of sets with lim A n = A. Then there is a 
positive integer N such that for all n > N, the sets A n and B are not metrically 
separated. 

Proof: Since the sets A and B are not metrically separated by Theorem 
10.2, |i*(A nB)> 0. 

Clearly {A rt n 5} is an increasing sequence with lim ( A n n B) = (A n B). 
By Corollary 3.19.1, 

lim p*(A n B) = |x*(AnB) > 0. 

n— 

So there is a positive integer N such that for n > N, 

M*(A„ n B) > - n*(Anfl) > 0. 

Hence by Theorem 10.2, for all n > N, the sets A n and B are not metrically 
separated. 

Theorem 10.4. Let the sets A and B be measurable and p,(A nB) = 0. Then 
A and B are metrically separated. 

Proof: We have 

(i (A u B) = jli(A) + - ja(A n B) 

= | i(A) + 

Choose any e > 0. There are open sets G, D A and G 2 Z) B such that 

1 1 



Ji(G|) < | i(A) + ~ E and p(G 2 ) < \i(B) +~ 

Since 

A u B c G { u G 2 , 


pCAuB) < |i (GjU G 2 ) 


= nCGj) + p.(G 2 ) - p(G,nG 2 ). 

or 

|H(G 1 nG 2 ) < ji(A) + \i(B) - ji(Au B) + e 

or 

p(Gj n G 2 ) < e. 


Hence the sets A and B are metrically separated. 
Integration—13 
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Theorem 10.5. if the sets A and B are metrically separated, then 
pi* (A kj B) = pi*(A) + 

Proof: Suppose that A and B are metrically separated. 

Choose any 8 > 0. There are open set Gj o A and G 2 B such that 
jli (G,n G 2 ) < e. 

Also there is an open set G D AuB such that 
jli (G) < pi*(A u5) + £, 

Write G,° = GnG, and G 2 ° =GnG 2 . 

Then A c G, 0 , B c G 2 °, C, 0 uC 2 0 c G 

and G,°nG 2 c GjnG r 

We have 

+ p*(S) < n (G,°) + p (C 2 °) 


= M (g? u G®) + m(G|° nC?) 


< M (C) + M (G, n G 2 ) 

< pi*(A u 5) +2e. 

Since E > 0 arbitrary we obtain 

|LA*(/U + pi*(fl) < pi*(A u 5). 

Also pi*(A u Z?) < jii* (A) + n*(B). 

Hence pi*(A ufi) = pi*(A) + pi*(£). 

Theorem 10.6. Let the sets A and B be such that pT(Au#) = pt*(A) + n*(B). 
Then A and B are metrically separated. 

Proof: Choose any £ > 0. Then there are open sets G. D A, and 
G 2 D B such that 


Then 


(Gj) < pi'(A) + e and pi* (G 2 ) < pi* (fl) + e. 
^ ^ B c Gj cj G->. We have 


V* (Au B)< pi (Gj uG 2 ) = pi (Gj) + pi(G 2 ) -piG,n G 2 ) 

0r ^ (6 'l n ^ 2 ) < 04) + pi* (tf) + 2 e - pi* (Autf) = 2e. 

Hence A and B are metrically separated. 


Theorem 10.7. Lei (he sets £, and be 
*i u /: 2 be measurable. Then (he sets E, and E-, 


metrically separated 
are measurable. 


and 
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Proof : (I) First we suppose that E,n E 2 = <j). 

Write E ~ E\ cj £ 2 . Then by Theorem 10.3 

P-(£) = p (£j) + p^E^). 

Let A be a subset of Q. Since E is measurable, 
p (A) = P (A n E) + p*(A n E') (E' = complement of £) 

= P* ((A n £,) u (A n E 2 )) + p*(A n E') 

= F* ((A n Ej) + (t* (A n E 2 )) + p*(A n £0 
[ v AnE[ and A n E 2 are metrically separaled] 

We have 

^1“ ^2 ^ E' 1^1= complement of Ej]. 

and so 

A n EJ = (A n E 2 ) u (A n E'). 

Since A n E 2 c E and A n E' c £', A n and A n E' are metrically 
separated. 

Hence 

P* (A n £[) = p* (A n E 2 ) + p*(A n E\ 

From above we get 

p* (A) = p* (A n Ej) + p*(A n E\). 

This gives that E. is measurable and hence E n is measurable. 

4 

(II) Suppose that £,n£ 2 ^ (J>. 

Since £, and E 2 are metrically separated, p*(£jn E 2 ) = 0 which gives that 
E { n E 2 is measurable. Write A = Ejn E 2 . A { = Ej|A, A 2 = E 0 | A. 

Then E = £ t u E 2 = A, u A 2 u A. 
or E | A = A, u A 2 

Since A! u A 2 is measurable, AjH A 2 = <J) and A L and A^ are metrically 
separated, Aj and A 2 are measurable. Hence E ( and E 2 are measurable. 

Theorem 10.8. Let the sets A and B be metrically separated. Then at 
almost all points of A the density of B is zero. 

Proof: (I) First suppose that the set B is bounded. For positive integer 
n, denote by £ ;J the set of all points of B where the right upper density of 

A is greater then —. Take any .y e£ ;/ . Then there is a null sequence {/?.} 

n 1 

(hj > 0) such that for all i 

p*( A n v,) 1 

p( f, > n 

where v f . = |.\, x + //,) (/ = 1, 2. 3,...). 


(10.4) 
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Denote by SHhe family of all closed intervals v, associated with the poi nts 
of the set E . Then ^"covers the set E n in the sense of Vitali,. Choose any 
e > 0. By Vitali’s Theorem we can select finite number of pairwise disjoint 
closed intervals A,, A 2 .A v from the family ^such that 


and 


in*(E i nE„)>H*f EJ-t 
1=1 

£pA,<p *(E n )+e 
1=1 


(10.5) 


Since the sets A and B are metrically separated, so are A and E n . 
Hence 

p* (A,. n (A u E n )) = p*(A f n A) + p* (A f n £„). 
or Jli* (A,- n A) < p (A { ) - p* (£„ n A.). 

Using (10.5) we get 

yv N N 

2n*fA f nA)< SWA,- )- Inf A, n£„ )< 2e . (10.6) 

1=1 1=1 *=1 

Again from (10.4) we have 

/V 1 At 1 N 

2)p*(A / nA)>-E^(A / )>-Sp*(A f -n£ w ) 

/=! «/=i n »=i 


> - [p*(£J - £]. . (10.7) 

From (10.6) and (10.7) we get 

- [n*(E n ) -e]<2e 
n 

or 0 < p*(£ ;i ) < {In + 1) 8. 

Since 8 > 0 is arbitrary, p* (E n ) = 0. 

Let £' denote the set of all points of B where the right upper density of 

A is greater than zero. Then E' = (J n =\ E, r So p*(£0 = 0. If E" denote the 

set of all points of B where the left upper density of A is greater than zero, 
then as above p*(£ ") =0. Write E = E'kjE". Then p* (E) = 0. Clearly at 
each point of B\E, the density A is zero. 

(II) Next, suppose that the set B is unbounded. Write B fl = (-n, n) rS 
and E n denote the set of all points of B n where at least one density of A is 
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I I oo 

positive. Let £ = U , 1=1 E fV By case I, p*(£j = 0 for all n and so p*(£) = 0. 
Clearly at each point of BAE, the density of A is zero. 

This completes the proof. 

Theorem 10.9. Let A and B be subsets of Q such that at almost all points 
of A the density of B is zero. Then A and B are metrically separated. 

Proof: Let A j denote the set of all points of A where the density of B 
is zero. Then p* (AXA^ = 0. 

Choose any e > 0. Take any point x €A^. Then there is a sequence {v f } 
of closed intervals with x e v. for all i and pv- —> 0 such that for all i 


I i*(Bnvj) 

^ £ 
pv,. 


( 10 . 8 ) 


Denote by ^“the family of all closed intervals v ; - thus associated with the 
points of the set Aj. Then ^“covers the set A^ in the sense of Vitali. So by 
Vitali’s Theorem we can select finite number of pairwise disjoint closed inter¬ 
vals Aj, A 2 ,.A^ from the family ^such that 


and 


/ = 1 

N 

SPA; <p*(A l ) + £ 

i=1 


(10.9) 


Let G = \J A*- , where A® denotes the interior of A ( -. 
We have A| n G = 


So p*(Ajn G) = £p*(A,nA°) = Sp^AjOA,) 


i=i 


»=l 


Again, 


So 

or 


A, = (A t n G) u ( A { \ G ). 
p* (Aj) = p* (A l nG) + p*(A 1 |G) 
p*(A,\ G) = p*(A 1 )-p*(A 1 n G) 


N 


= p*(A t ) - SM-*(A l n A f ) < £ [using (10.9)] 

/=l 


and so p*(A\G) < £. 
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Let G, be an open set with 

A\G C G { and p'(G|) < £• 

Now from (10.8) 

N N 

VL*(BnG)= £lx*(BnA i )<E'ZyL*(k i ) 

1=1 /=! 

< E[p*(A) + e] [By(10.9)J 
So we can find an open set G 2 cG such that 

B n G c G 2 and p (G 2 ) < £ (ju.*A + e). 

The sets G and G'(G' = complement of G ) are metrically separated. Since 

B\(B n G) c G', G and B\(BnG) are metrically separated. So we can 
choose an open set G 3 D ^ G) such that 

|u(G n G 3 ) < 8. 

Clearly A c G u Gj and ScG 2 u G 3 . 

We have 

(G u Gj) n (G 2 u G 3 ) cGjUG 2 u(Gn G 3 ). 

So p[(G uG,)n(G 2 u G 3 )] < jul G, + pG 2 + p (G n G 3 ) 

< 2e + e (p*(A) + e). 

Hence A and B are metrically separated. 

Some Notations. Let A and B be two subsets of Q.We denote by A R [Z?J 
the set of all points of A [ B ] where at least one of the four densities of B [A] 
is greater than zero. 

Theorem 10.10. Let the sets A and B be not metrically separated. Then 
p* (A b ) > 0 and p ;,: (B A ) > 0. 

If E c A r and F C B A with p *(E) > 0 and p* (F) > 0, then E and B A ;and 
F arid A B are not meleically separated. 

Proof: From Theorem 10.8 it follows that 
p %A b ) > 0 and p*^) > 0. 

Let E c A /y and p*(£) > 0. 

Assume that E and B A are metrically separated. 

Write #| = B\B a . Then B = BB A . At each point of By the density of 
E is Zero (-;E c A). By Theorem 10.7 the sets E and By are metrically 
separated. So the sets E and B A = B are metrically separated. By 

Theorem 10-5 at almost all points of E the density of B is zero which 
contradicts the definition of A f{ . So E and B y are not metrically separated. 

Similarly. F and A R are not metrically separated. 
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Iheorein 10 . 11 . Let A and B be any two subsets of £2 andft be any 
bounded open interval. 

Then 


Proof : If the sets A and B are metrically separated, then by Theorem 10.5, 

= 0 and \i*(B a ) = 0. 

So n A b ) = 0 and ft* (ft n A B ) = 0. 

Suppose that A and B are not metrically separated. Write A 0 = ft r\ A B 
and fi 0 = -0 n B A . 

Assume that 


< lx*(F 0 ). 

Choose an open set G c ft such that 


A fl cG and \x (G) < \i*(B 0 ). 

Let F = ft \ G. Then F and G are metrically separated. Since F n BtfzF 
and A 0 a G, F n B 0 and A 0 are metrically separted. 

We have B Q = B Q n ft = B Q n (F u G) 

= (F n fl 0 ) u (G n fi 0 ). 

So p*(F 0 ) = p*(F n B 0 ) + jn* (G n 5 0 ) 

< ft* (F n F 0 ) + p(G) 


or (F n B 0 ) > p* (fl Q ) - p(G) > 0. 

By Theorem 10.8 at almost all points of F n F 0 the density of A Q is zero. 
Let E denote the set all points of F n fl () where the density of A 0 is zero. 

Then (X* (E nB 0 ) = 0 and so p* (£) = H*(Fn B 0 ) > 0. Take any point xe £. 
Choose any null sequence {/?,.} (ft. 56 0, x + /i. e fl). Then 


lint B * ( A 0 n v ; - j 


/—>0 


V'/) 


= 0 , 


where v f . = [*, * + /?.| {or [x + h. x]}. 
Since A R n = A () n v /( we have 


lim A () nv,- j _ //,„ p*( A () n v ; -) 


/—> a 


W 'V ) 


i —>00 


W 'V ) 


= 0 . 


This gives that at each point of E the density of A is zero. Hence FnB 

I,' .[> are ™ lncal| y se P aralcd - Wrile 4 i=-^l A, f Then at each point of 4' 

L CulMly 1,1 l! IS / - ero - So H is metrically separated from 4,. Since Enii, 
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c B, F n B 0 is metrically separated from A { and so F n B Q is metric 
separated from A,u A B = A. This contradicts the fact that at each point 
B at least one of the four densities of A is positive. of 

If jli*(/4 0 ) > |LI* ( B 0 ), as above, we arrive at a contradiction. Hence 

(A q ) = p* (B 0 ) 

that is, jlx*( VnA B ) = p*( $ n B A ). 

Note 10.1. It is obvious that above result is true for any bounded 
interval v. 

Corollary 10.11.1. Let A and B be two subsets of Q, which are not 
metrically separated then p* (A B ) = p*(^) 

Proof : Let v n = (n, n +1] (n = 0, ± 1, ± 2, 

By Theorem 10.11, 

p*(v n n A B ) = p* (n B a ) for all n. 


Since A b = U^,v„nA s and^=(Jiv„n^ 

and the intervals v n are pairwise disjoint, we have 

OO QQ 

V*(A b )= I l n*(v n nA B )= Xp*(v„n B A ) 

-oo -oo 

= P *(B a ). 

Theorem 10.12. Let A and B be two subsets of Q which are not metrically 
separated. Then at almost all points of A B the density of B is unity and at 
almost all points of B A the density of A is unity. 

Proof : (I) We first suppose that the sets A and B are bounded. 

Let {A, rt } (0 < Aj< \ 2 < ^3 < ■") be a sequence of real numbers with 
lim X=l. For each positive integer n, let E n denote the set of all points of 
A b where right lower density of B is less than X n Take any positive integer 
n and consider the set E n . Let x eE ir Then there is a null sequence {fy} 
(hj > 0 ) such that for all i, 


P *(Bn Vj ) , 

where v ; = [x, x + h^]. 

Since B A c B, from (10.10) we get 


( 10 . 10 ) 


o B a ) < A„4(w,-) . (10.11) 

Let ^denote the family of all closed intervals v f . thus associated with the 
points of the set E n . 

Choose any £ > 0. By Vitali’s Theorem we can select finite number of 
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pairwise disjoint dosed intervals A p A 2 , A 3 , A N from the family ,Fsuch 
that 


and 


Eti*(A f n£„)>n*(£ n )- e 

1=1 


SWAJ<n*(£ n ) + e 


• •• 


Since E n c A fi , we have from (10.12) 

St‘*(A i riA s )=Xn*(A i oB A ) 

/=1 ,=1 


( 10 . 12 ) 


< 




/=! 


[Using (10.11)] 


< l„ (H*£„+ e). [By (10.12)] 

Since E > 0 is arbitrary, we obtain 

(E n ) < X n \i*(E n ). ... (10.13) 

Since ®<\ < 1, (10.13) gives that \L*(E n ) = 0. 

Let E denote the set of all points of A g where the right lower density of 
B is less than unity. Then 


£'=U nZ,E n . 

Since \i* ( E n ,) = 0 for n= 1, 2, 3,.we get H*(£') =0. 

If E denotes the set of all points of Ag where the left lower density of 
B is less than unity then, as above | ±*(E") = 0. Write E = E'kj E". Then 
[i*(E) = 0. Clearly at each point of A g \ E, the density of B is unity. 

(II) Let A and B be any two subsets of Q.. For each positive integer n, let 
A (n) = (- n, n) n A, B^- (- n, n) n B, 

a b' } = (~n,n)n A b and A ( / } = (~ n , n ) n B A 

Denote by E n the set of all points of A ( B } where the density of B (n > is 
unity. Let x e E fJ . Since Bf n > c B, the density of B at x is unity. 

Write E = E lV Then at each point of E the density of B is unity. 
We have 
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Since H*K"K)= 0 for« = 1, 2, 3.we have |l*(A,|E) = 0. 

Hence at almost all points of A B the density of B is unity. 

Similarly the other part can be proved. 

Corollary 10.12.1. Let A be any subset of Q. Then A has density lor 0 
almost everywhere. 

Proof: Write B = Q | A. Denote by the set of all points of A where 
the density of A is 1 and by B { the set of all points of B A where the density 
of A is unity. 

Write A 2 = A\A ( , B 0 = B\B A , B 2 = B A \B^ Then 
Q. = (A t u B { ) u B 0 u (A 2 u B 2 ). 

By Theorem 10.1, p* (A 2 ) = 0 and by Theorem 10-12, \i*(B 2 ) = 0. So 
|U.*(A 2 u B 2 ) - 0. 

Thus the set A has density 1 at each point of (AjU B { ) and zero at each 
point of Bq. This proves the result. 

Corollary 10.12.2. Let A be a subset of Q, and let A contain all its density 
points. Then A is measurable. 

Proof: Let B =Q \ A. By corollary 10.12.1, the set A has density either 
1 or 0 almost everywhere. Also A contains all its density points. So it follows 
that at almost all points of B the density of A is zero. Hence by Theorem 10.9, 
the sets A and B are metrically separated. Hence by Theorem 10.7, the set A 
is measurable. 


Approximate limits and continuity 

Let Q denote the set of all real numbers and the extended real number 
system; and let ju denote the usual Lebesgue measure on Q. 

Let /: [a, b\ —» £2*and a e(a, b). Denote by \ the family of all measurable 
sets Ed [a, b ] with unit density at a. For each 5 > 0 and Ee ^ let 

U (a, 5, E) - sup [f(x): x e (a-5. a + 5) n £}, 

L(ot, 8, E) = inf [f(xj : .v e (a-5, a+8) n E) 
and 

u(a) = in f { U(o.,8,E): 8 > 0 and E e 
1(a) = Sup [L (a,5, E) : 5 > 0 and E e ^}. 

Ufa) and 1(a) are called respectively the upper and lower approximate 
limits of/at a. If u(a) = 1(a) = A(say), then A is called the approximate limit 
of /at a and we write 



I im 


app f\ x). 


X- >(7 
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Je f lr at °; a = nCCCSSary m0difica,i0ns - for defining appro*,- 


Definition 10.3. Let f: [a, b) -» £2* and „ €{a , w , f „ said l0 be 
approximately continuous at a if/fa) is finite and for every e > 0 there is 
a > an a measurable set E c [a, b] with unit density at a such that 

I f(x) -/(a)| < E 
for all x e (oc-8, a + 8) n E. 

If a - a or a - b approximate continuity at a is defined with necessary 
modifications. 


/is said to be approximately upper [lower] semicontinuous at a E(a, b) 
if for every e > 0 there is a 8 > 0 and a measurable set E c [a, b ] such that 
fix) < /fa) + e \f( x) > f(a) - e] 
for all x e (a-S, a + 8) n E. 

If cl = a or a = b necessary modifications are made. 

Theorem 10.13. The function u(x) [I(xj] is approximately upper [lower] 
semicontinuous on [a, b\. 

Proof: Let a s(a, b). Choose any e > 0. Then there is a 8 > 0 and a 
measurable set E c [a, Z?] with unit density at a such that 

U (a, 8, E) < u( a) + e . (10,14) 

Let denote the set of points of E where E has unit density. Then 

= 0. Clearly the set E t is measurable and has unit density at each 
of its points. 


Let x g E { n (oc-8, a + 5). Choose positive number 8, with (x-8,, x + 8,) 
c (a - 8, a + 8). 

Then U(x, 5 p £,) < U( a,5, E). . (10.15) 

Since u(x) < U (x, 5,, E j), using (10.14) and (10.15) we get 
u(x) < u(x) + E. 


This is true for all x e £, n (a - 8, a + 8). 

So u(x) is approximately upper semicontinuous at a’. Since a is arbitrary 
u(x) is upper semicontinuous on [ a . /;]. 


As above we can show that l(x) is approximately lower semicontinuous 
on [a, b ]. 

Theorem 10.14. If / : [r/, b] — > LL is approximately upper [lower] 
semicontinuous on [a, /?], then / is measurable on [a, b\. 

Proof: Let/: \a, b \-> Q* be approximately upper semiconuous on [a, b |. 
For any real number r let 


£' = {.y: -v e\d. b 1 and fix) > / } 




196 A COURSE OF LEBESGUE INTEGRATION 

and E r = {*: * e[a, b ] and f(x) < r }. 

Let a e(a, b) and a be a point of density of E r . Assume that ae^Then 
f(a) < r. Choose any e > 0 with f(<x) + e < r. Then there is a 5 > 0 and a 
measurable set S c [a, b] with unit density at ot such that 

fix) < f( a) + £ 

for all x eS n (a - 8, a + 5) = S a (say). 

Clearly E r c [a, b] \ S a which contradicts the fact that a is a point of 
density of E r . So a eE r . Thus ^contains all its points of density. By corollary 
10.12.2, the set E r is measurable. Hence the function/is measurabe on [a, b ]. 

Corollary 10.14.1. The functions u(x) and l(x) are measurable on [a, b ]. 
Corollary 10. 14.2. Let/: [a, b] -> £2* be approximately continuous on 
[a, b]. Then / is measurable on [a, b]. 

Theorem 10.15. Let/: [a, b\ -> Q* be finite a. e. on [a, b\ and measurable 
on [a, b\. Then/is approximately continuous a.e. on [a, b]. 

Proof: Denote by E the set of all points in [a, b] where/is approximately 
continuous. 

Choose any e > 0. By Theorem 4.13 there is a measurable set A c [a, b ] 
with jli ([a, b] \ A) < e such that / is continuous on A relative to the set A. 
Denote by B the set of all points of A where the density of A is unity. 

Choose any a eB.Take any r\> 0. Since /is continuous at a relative to 
the set A, there is a 8 > 0 such that 

\f(x)-f(a)l<r] 

for all x in B n (a - 5, a + 5). 

This gives that/is approximately continuous at a. So a and hence 
B c E. Then [a, b] \ E c [ a, b] \ B. 

So |ii* ([a, b]\ E) < M*(k b] \ B) < e. 

Since e > 0 is arbitrary we get jli* ({a, b] \ E) = 0. 

This proves the the Theorem. 

Theorem 10.16. Let/: [a, b] —> Q* and /be finite a. e. on [a, b]. If/is 
approximately upper flower] semicontinuous on [a, b], then/is approximately 
continuous a. e. on [a, b\. 

Proof: By Theorem 10.14,/is measurable on [a, b]. Now by Theorem 
10.15,/is approximately continuous a. e. on [a, b). 

Theorem 10. 17. Let /: [a, b] -> £2* and let a e(a, b). Then a necesary 
and sufficient condition for existence of finite approximate limit A of / at a is 
that there exists a measurable set E c [a, b\ with unit density at a such that 
fix) —> A as a —> a over the set E. 
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Proof: (I) We first show that the condition is sufficient. 

Suppose that there esists a measurable set E c [a, b ] such that E has unit 
density at a and f(x) —> X (finite) as jc —> a over the set E. 

Choose any e > 0. Then there is a 8 > 0 such that 
X-e <f(x) <X + e 
for all x in E n (a - 5, a + 5). 

This gives that 

X - 6 < L (a, 6 , E) < / (a) < u (a) < U (a, 6 , E) < X + e. 

Since E > 0 is arbitrary we get 
1(a) = X = u (a). 

Hence app f(x) exists and equals X. 


(II) The condition is necessary. 


Suppose that app/fx) exists and equals X (finite). Then 1(a) = X - u(a). 

Choose any £ > 0. There is a measurable set A(e) c [a, b ] such that A ( E) 
has unit density at a and 

\f(x) - X | < e for all x e A(e). 

Write B(e) = [a, b) \ A (e). 

Let {£„} (1 > Ej > e 2 > £3 >.) be a sequence with lim E^ = 0. For each 

positive integer n we find a pasitive number h n such that 


\i*(B(s„)rM(h)) 
2 h 


< E 


n 


(10.16) 


for all h with 0 < h < h n , where 1(h) = (a -h, a + h). We may choose { h n } 
with h j > h 2 > h 3 > - , lim h n = 0, a < a - /ij < a + h { < b and 


1 

ft n+ i < l Take 0 < /! „ + i < min KKz 11 

• ( 

Write 

/'„ = (a-A„, a-e„A„ +1 ), ■ 

/" = (a + e„ /.„ +1 , a + A„), 

J„ = (a - e„ h n+l . a + e„ h n+[ ), 

E n - < r u u r «) 0 F„ = [a. fcl\£„. 


E = 


u„: 


£„ and F =0,,=! 
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We have 

F = [a, b] \ E and 

F n = [(/; u l' n ) n B (eJJ u J n u [a, a - h n ] u [a +*„. H 
We show that density of F at a is zero. Choose any r) > 0. Find a positive 
integer r such that 2 e r < r|. Let 5 = h r Take h with 0 < h < 5. Determine 
positive integer n with h n+l < h < h n . Clearly n > r. We have 

F n I (h) c F n n 1(h) 

c [(/; u /;-) n B (E„) n l (h)] u [J n n 1(h)] 

c [B (e n ) n 1(h)] u J n . 

So jU*(F n 1(h)) < ft* [B(e n ) n /(7?J] + pC/„) 

< 2// + 2 E f] h n+l [Using (10.16)] 


or 


\x*( F n 1(h)) 
2h 


< 2 E n < X] 


This gives that the density of F at a is zero and so the density of E at 
a is unity. 

Now we show thtxtf(x) —as a —} oc over the set E Choose any T). Find 
a positive integer n such that E n < r). Take 5 = E n h /f+ j 

Let xeEn(a - 5, a + 5). Clearly x e E k for some positive integer k>n. 

Since E k c A(E k ) and E k < r] we have 
\f(x) -X\<E k <X]. 

Hence f(x) -> X as x -> a over the set E. 

This completes the proof. 


Approximate derivatives 


Let f: [a, b\ —^ £2 and ot c(y/, b). 
For any x (F a) in [a, b\ write 


Q (f x) = 


f(x)-f (a) 

x-a 


Denote by the family of all measurable sets E c [</, b\ with unit density 

at a. For any 5 > 0 and any E e let 

U Q (a, 5, E) = sup { Q(fax) : a e£ n (a - 5. a + 6)}, 

L () (a. 6. £) = in/{(2(/.a. -v): xeE n (a - 5, a + 5)}. 


and 


/tD/Ytt ) = in/ f F r) (/; a. £): 8 > 0 and F e T a \. 
AD /7a 1= sup {/ Y //; a. F ): 5 > 0 and F e 
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AD/(a)and AD f( a)(finite or infinite) are called respec- 

y uppei and lower approximate derivatives of/ at a. If ADf( a) = 

^ (say), then A, is called the approximate derivative of/at a and 
is denoted by (ap)f'(a). 

Theoiem 10.18. Let/; [a,&] -4 Q be measurable on [a, b], Then ADf and 
AQ. f are measurable on [a, b]. 

Proof: For any real number r let 

A ~ ; x b) and AD f(x) > r} 

and B = {a ; a e [a, b ] and ~ ADf ( x ) < /*}. 

Assume that for some r the sets A and B are not metrically separated. For 
each pasitive integer n let 

B n = {a ; a <=B and ~ADf(x) < r -- }. 

n 


Then c B 2 c # 3 c - and B = \J f ~ { B n . 

So p*(£ M ) -4 p* ( B) as n -> 00 . 

We can find a positive integer N such that for n > N, the sets A and fi /f are 
not metrically separated (vide 77?. 10.3). For each positive integer n denote by 
A n the set of all points of A such that for each ae A n the set 


| y: y e [a,b] and > r 
l y - x 



has upper right density at '.v greater than - . Then 

n 


A 1 cA 2 cA 3 c .and A = U A„. 

So we can find a positive integer M such that the sets B N and A (/? > 
Af) are not metrically separated. * 

Now denote by C /; the set of all points a for which 
fiy)-f(x) 1 

----< r - 

v - a N 
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for y E [a, b] except possibly a set D = {y} with 
\L*( Dr\( x,x + h) 1 

h An 

1 

when 0 < h < —. 

n 

We have Cj c C 2 c C 3 c ... and = (J,,^ C w . 

So there is a positive integer k such that the sets A M and C n (n > k) are 
not metrically separated. Hence there is a subset E of A M with p* (E) > 0 such 
that the density of C k is unity at each point of £ (Vide Th. 10.10 and Th. 10.12), 
Since/is approximately continuous a. e. on [a, b ] we may suppose that/is 
approximately continuous at each point of E: 

Take any point £ E E. Then from the definition of the set A M we see that 
the set 



F= {x: xE[a, b] and ' f(x) > r 1 




2N 


(10.18) 


has upper right density at £ greater then —. So we can find h n (0 < h 

M u 


1 

< —) such that 
k 


)i* (F n (4, 4 + A 0 ) . 

Let 5 = /i 0 / 2 M. Take any point x in C k n (£, ^ + 5) and let 

f(y)~f(x) r 

H = {y : y e [a, b ] and *- ; -> r .. 

y-x N 


Clearly H c D. By (10. 17) we have 

h 1 

p* (H n (x, x + h)) < for 0 < h < 

Let h = 5 + h 0 - x. Then 0 < h < h 0 . 

We have— 

p H: (H n (^, \ + A 0 )) = p* (H n x)) + p* ( Hn(x,x+h )) 


< (a- - ?) + 


h 


AM 


(*-9 


[ o 


AM 


(10.19) 


( 10 . 20 ) 
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eUing * * over the set C* we get 


>** " (t $ + V) s ^ 


\ H. Then from (10.19) and (10.20) we get 
M < ^ (F n & S+M * V*(P n & £+/i 0 )) + jlx* (H n (£, £+/i 0 ) 


( 10 . 21 )] 


Vn(t5 + An) + 


O' 


h o 

4 M ‘ 


or 


n ft, $ + JL)) > ”0-^2- = ^o. 

. 0; M AM AM ' 

Inis gives that 

^* (/> n ^ + s - 4 + h 0 )) = n*(p n (4, \ + y _ ^*(^(4, £ + 5)) 

ft, 


^ + 8 ’ ^ + /! ° ,) ' The " We have simultane °usly [vide 

f(y)-f(%) 


> -^2.-8 = ^Q.-A_ = ^Q_ 
4M 4M 2M 4M ‘ 


and 


f(y)~f(x) 

y-x 


l 

> r- 

N 

1 

< r- 

N • 


Since xe C k n({^ + 8) and y e P n (% + 8, ft ) we have £ < * < v 

Fiom above two relation C WTO rrai ^ ^ ^ 


and 


or 


So 


two relations we get 

/W - > r (y - 4) + ~ ft-y), 

/W - /« < 'ty - ^ - ~ (y-x) 
fM - f(y) > r(x-y) + 1 ^ 


—> 


2/V 


(v - £) as a -» 


Integration—14 
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We can choose a 5q (0 < 5q< 5) such that 

f(x) -f(t) >^7 5 for al1 x in c k n (t % + 5 0 ). 

Since the density of C k at \ is unity, the above relation contradicts the 
fact that / is approximately continuous at %. 

So the sets A and B are metrically separated. Since A u B = [a, b], by 

theorem 10.7, the sets A and B are measurable. Hence ~Xof is measurable on 

[a, b J. 

The proof of the other case is similar. 

Corollary 10.18.1. Let/: [a, b] —> Q be measurable on [a, b], If (ap)f'(x) 
exists a.e. on [a, b], then ( ap)f'(x ) is measurable on [a,b]- 

Theorem 10.19. Let/: [a, b] —be measurable on [a, b]. Then all the 
four Dini derivatives of/ are measurable on [a, b]. 

Proof : We prove the result for the case D + f The proof in the other cases 
are analogous. 

Assume that D + f is not measurable on [a, b]. Then for some real number 
r the sets 


A = [x : x E [a, b] and D + f(x) > r} 
and 

B = [x : x e [a, b] and D + f(x) < r} 
are not metrically separated. 

Let ^nk denote the set of all points £, eB for which 

.fa+hbfO) j r r - 
h l n , 


( 10 . 22 ) 


1 

when 0 < h < ~r. Then 
k 

V, ^ n 2^2 if n l ~ n 2‘ > ^2 E — U(n,k) ^ nk ' 

So for large n and k (henceforth fixed) the sets At and A are not metrically 
separated. Hence there is a set E C A with JLl*(£) > 0 such that at each point 
of E the density of E f± is unity. Since /is approximately continuous a. e. on 
[a, b 1 we may suppose that /is approximately continuous at each point of E. 

Take any a eE and a real number c with r- — < c < r. Since D + f(a) >c 

n 

1 

there exists li' with 0 </?'<— such (hat 

k 
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f(a + h')-.f(a) 

-n-> c, 


(10.23) 


1 

Take any £g E nk n(t s ,Z 3 + h') and write h = a + h Then 0 <h< ^ .The 
relations (10.22) and (10.23) give that 


and 

Since 


f 


f(Z> + h) < h 


V 


r 


f(a + h') -/fa) > ch'. 

\ + h = a + h' we get 


f 


f(Z s )-f(u)> ch'-h 


[ r 


r 

n) 



llA 

n j h' 


(10.24) 


The 


right hand side of (10.24) tends to h 



n 


as ^ a. 


So 


we can find a positive number 5 (0 < 5 < h 0 such that 


/(£) -/(«)> \ h ' 


( 


1 


A 


c-r + — 

V . *) 


> 0 


(10.25) 


for all ^ in E nk n (a, a + 5). 

Since E nk has right density 1 at a and f is approximately continuous at 
a the relation (10.25) gives rise to a contradiction. 


Hence D + f is measurable on [a, b]. 

Theorem 10.20. Let/; [a, b]-*Q. and ADf(x) > 0 for all x in [a, b]. Then 
f is increasing on [a, b]. 

Proof : Let a, P (a < (3) be any two points in [a, b]. 

Choose any E > 0. Let 

E-{x: x G [a, P] and f(x) -/fa) > - e (x - a)}. 

We show that P gE which gives that 

,/fP) -m > - e(P - a). 

Since e > 0 is arbitrary we obtain /fP) > f( a) and so / is increasing on 
\a, b\. 



204 


A COURSE OF LEBESGUE INTEGRATION 


To show that J3 gE we proceed as follows. 

(I) Since ADj\a) > 0, the set E has right density 1 at a. So there is a do' 
(> a) in E such that Int 

p* (E n [a, £,]) > ~ (£ r a). 

Let £, = {* : * e[^,P] and fix )> - e e(A-^)}. 

Take any a eE { . Then f(x) - f(^ { ) > - e(x ). 

Since ^eE.ff^) -f( a) > - e (£ r a). 

Adding we get f(x)-f( a) > -e (x - a). 

Since £Df(t A ) > 0, the set E has right density 1 at As before we can 
find a point in E with £ 2 > such that 

p*(£ n [£,, y ) > 

Proceeding in this way we obtain a sequence (£„) (a < c,< £,< £ < ) 
of points in E such that n 23 

^ I+1 »> |(?„ +r g 

for /i = 0, 1, 2, 3, ^ = cc. 

Let ^ = lim Then a < £ < (3. 

For each n, we have 


oo 

H*(£n[i;,y)= SP*(£n[^ f; v+1 ]) 

* 

- 2 ^ ^r+I“^v) 

^ F =/2 

= f g - U- 


This gives that the left upper density of E at £ is > 



Assume that £ Then 

./(£) -/fcxj < - e (£ - a). 
Also for all jc in (a, n E 

f(x) - f{a) > - e (.v - a). 
Combining the two we gel 
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f(Q ~f(x) < - e (x - a) 

for all .* in (a, £) n E. This implies that ADf(t) < - £ < 0 which contradicts 
our hypothesis. Hence £ eE. 

(II) Denote by A the set of all points in E such that for any two points 

X2 *2) in A, 

1 

V* (E n [x { , x 2 ]) > - (* 2 - x 0- 

From step I, we see that A is not empty. Let c denote the lub of A. Then 
we can choose a sequence {c /f } (a = c 0 < < c 2 < "') in A with lim c n = c. 

As in case of £, in step / we can show that c eE. We now show that c e A. 
Assume that c £ A. Then there is an element r| in A such that 

ft* (E n [r|, c]) < ~ (c - r 1 ) ... ... (10.26) 

We have c r\ < c r for some positive integer r and 

00 

\i*(E n [r), c]) = jli*(c n [r\; c ]) + XM-*(£ n [c n , c, l+1 ]). 

n-r 


1 1 00 1 
s 2 (C r - 11) + - (c„ +1 - C n ) = - (C - Tl). 

This contradicts (10.26). Hence c e A. 

(Ill) If possible, let c * p. Since ADf(c)> 0, proceeding as in step I we 

1 

can find a point r\ (> c) such that jx* (E n [ c , r|]) > ~ (rj - c). Considering 

the set B = A u {r)} we see that r ] eA which contradicts the fact that c is 
the lub of A. Hence c = (3 which gives taht (3 eE. 

This completes the proof of the Theorem. 
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